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@D ) Over 2000 years ago, Archimedes
(287-312 BC) found formulas for the surface
Archimedes areas and volumes of sglids such as the

sphere, the cone, and the paraboloid. His
method  of integration Was  remarkably
modern considering that he did not have
algebra, the function concept, or even the
decimal representation of numbers.

, 4 Leibniz (1646-1716) and Newton
000 (1642-1727)  independently  discovered

/ calculus. Their key idea was that
differentiation and integration undo each
other. Using this symbolic connection, they
were able to solve an enormous number of
important problems in mathematics, physics,
and astronomy.

Fourier (1768-1830) studied heat
conductian with a series of trigonometric
terms to represent functions. Fourier series
and integral transforms have applications
Hermite today in fields as far apart as medicine,
linguistics, and music.

Gauss (1777-1855) made the first
table of integrals, and with many others
continued to apply integrals in the
mathematical and physical sciences. Cauchy
(1789-1857) took integrals to: the complex

Founer
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Lebesgue ~ (1875-194]) ‘la(,())
integration on a firm logjeq fo .

Liouville “809‘188;
framework for constructiy, ;
finding out when i"dcﬁnile -cg'ali:nda
elementary functions are againl carg, b
functions. Hermite (1822_1901 e'e"‘enhm
algorithm for integrating ration.) Otng
In the 1940s Ostrowsk . - q
algorithm to rational eXpress
the logarithm.
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ong ;. by

N
Riemann
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Olvlng

20th century before computers, mathema.ticians dev
earation and applied it_ to write tables of integrals andoil:d the
forms. Among these magh;maucmns were \"_Vatson: T][chmarsh‘ Blcgra]
trn‘ﬁ, Meijer, Grobner, Hofreiter, Erdelyi, L_ev»m, Luke, Magnus‘ A e
g;a:;ninECFv Gradshteyn. Ryzhik, Exton. Srivistava, Prudnikoy, nypcehmt:)a:
ichev. !
and Manln 1969 Risch made the major breakthrough in algorithm;c indefiy;
n he published his work on.lhc general theory and praclicml:
tions. His algorithm does not automatica]ly g
10 all classes of elementary functions because at the hear_t of it there jg a&m
differential equation that needs tq be solve_d. Efforls since then have beey
directed at handling this equation algorithmically for various  setg ¢
elementary functions. These efforts have led to an increasingly complee
algorithmization of the Risch schcme.. In the 1980s SOME progsess was gl
made in extending his method to certain classes of special functions.

The capability for definite integration gained substantial power s
Mathematica, first released in 1988. Comprehensiveness and accuracy hay
been given strong consideration in the development of Mathematica and hay
been successfully accomplished in its integration code. Besides being able ty
replicate most of the results from well-known collections of integrals (and t
find scores of mistakes and typographical errors in them), Mathematia
makes it possible to calculate countless new integrals not included in any
published handbook.

In the

integration whe
inteerating elementary func

Introduction

_ Integral calculus was invented in an attempt to determine the are
bounded by the curves. It was done by dividing the region into infinit
number of infinitesimal small areas and taking the sum of all these smil
areas. The term integration signifies summation and is denoted by the sy™

Y

“from

Tedtdl Laleulyg

- m
. jepration s @ SUM will be dey, Wi
nccpt.ote;ration as 4 FEVETSe process of diffcrentlit;}:ti:)ax:er o
I S in a . = .
digC Suppose dx F(x) = F(X) = f(x) (Say)
then | £00) dx = F(x).
“we obtaiﬂ' f(x) by differen(iating F
g(;;sby integrating f(x) with respect 1o 4
von
ﬂnfﬂxamplev
Forﬂ

- We shall fyrg,

X) and get back the original

d,
a(x )— 2x e I2de=x2

d 5
: ——'(X- +5) = 2x
Bt dx
o [2xdx= X245 also,

Thus, [2% dx doesn't give a definite value, and is caleq indefinit
inite

= x2 :
o 1In general, [2x ('1x = X“+c, where ¢ is 2 constant, ca]
e on. This is an arbitrary constant.
L1201 Py
ileg" d )
similarly, gx (tan x) = sec~x

led constant of

!seczx dx= tanx +c.

i [hese' examp c3, e Cor.lclude that the integral of o function is
ol unidue and that if f(x) be any one integral Of F(x), then (i) f(x) + ¢ is also
placen pherelgld Ny ol o (i) every integral of F(x) can be obtained
((x) + C, by assigning suitable value to c. Thus, [F(x)dx is really infinite
uled. We have discussed this fact in th‘_’ corollaries of Lagrange's Mean
ale of theorem. The corollary was that if f(x) = g/(x) then f(x) and g(x)
jiffer by a constant.

fules of integration, Properties of integration

Rule [
Jkf(x)dx = Klf(x)dx
where k is some  constant.
e.g. [5x2dx = S[x%dx
Rie I
[Ty (x) + Cafy(X) + vvovrrenne. + ¢uf (X)]dx

= ¢ [ f;(x)dx + c2f fp(x)dx + +o, ) f(x)dx
where f(x), fy(x), , £(x) are functions of x.

e.g (x> + 2x + 5)dx = [xX’dx+ [2xdx +/5dx.

V (a destorted form of the letter S, the first letter of the word Sum). T
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Table

1.

11

13, Jooshx dx = sinhx + C 14. [sech? x dx = tanh x 4 ;
15. ]cosechz xdx=-cothx+C .
16. Isechxtanhxdx:—-—scchx+c
17. Jcosech x coth x dx =~ cosechx +C . ‘
18. Jtanx dx = log secx + C 19. Jeotx dx = logsinx + C
20. ICOSCCX dx = log (tan-;—] = Log(cosecx —cotx) +C
1. Jsecxdx = log(secx + tanx) + C
|
/22 I,dxz= |X+C
/v xT+a” a2 a
dx i x—a {
23 | =—log— Xx>a
Voo k-t Bt (x>a)
1. a+x
il I B =—Ilog—
% -x* 2 g (x < a)

Englneering Mathematics - |
The rule equally works when the functions are —
- JSdx+ Ixdx +/2dx.
e Jix*+ L2 dx= [x’dx+ Jx*dx +]2dx.
of Standard Results s
jx“d(—-:—i+c(n¢-l) 2. I;dx =‘10gx+C
fax=x+C 4, 'Ieudx=§°"+c
Ia*dxz-a—x——+c ' 6. lsinx &= coma

log. @

Jcosx dx=sin X+ C
foosec™x dx ==cOtX + C
Joosecxcotx dx = —c0SecX +C 12.

8. !SCCZX dx =.[an X+C

10. Jsecx tanx dx = secy +0

[sinhx dx = coshx + C

Y i,

i} p Je“cosbx dx= C“[

1 f(8:3-9x244x46) dx

Integral Calculyg ‘

dx log(x+s/x +a )-S|nh"

i vaz‘l'ai + 32
2 Tk’g(“m)m

?y ' x\/x +a £

a
= —-—2'_"*'? sinh™ —+C

2 2 ]
J a2

- XVx~-a
2— - dX= —_—
a 2 7 08X+ Vx?-a% ) 40

'!0 | x\/xz—a?"

22
B L A
2 2 T *C

’2 2 2
Xva —X a -1 X

+— 2y
2 2 sin a+C

)
1,4 dx=
x td

o Warox dr=

a“+b-
acosbx + bsinbx )
—— 3 —|*C

a“+b

asinbx—bc
[e¥sinbx dx = e [-‘—1?052{} C

{1  Worked out Examples:

f2x6dx = f 6dx = +C—2;(7 +C

8/x3dx — 9fx2dx + 4fxdx +6]dx.

4 3 2
X
= 87 —9% +4_x_ + 6x+C

2x4-3x3+2x2+6x+C

) ‘ﬂ:(x#%)]z dx = J( 24-2>cl'+ ) dx= fxz dx+2fdx + f x~2dx

X3 X_l

. . x l
=T +2x+_ +C=7 +2x-3+C
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b [

a+bsmx
\a/J cos2x

c3x +e—3x
8 < dx
. e

: Engineering Mathematics - |

oo e By ox = [ o=t frna 2
=fxl/2dx - fxdx +2fx—‘l 2

1
1 2
=’§'X '_4_ 2+4X +C

fupo@smdx = f (143x-2x-632) dy

%fdx +fxdx -6 | x24y

2 e
=X+ 2 3 +C
2
=x+'x7 _2x3+C
J’4x 0% Lo J‘ (4 2x)
S
=%f dx —3fdx
ST
=% x3—%x+C

a bsinx
dx + dx
J cosx J cosx

= a[ sec2xdx + bf secx tanx dx
=atanx + b secx + C

= [?;'}x dx +Je4% dx

e e
= A gwtC

e -% e4C,

-

 Integral Caleulyg

yrther examples

5grﬂ
mplt'
{)‘L In legl’ﬂ

J cot2xdx.

gt __
! egrate f(,ol xdx. f(coscu x-1) dx = fCOSec~xdx -fdx

= —cotx—x+C = ~(cotx+x)+C

ample

yluate ﬁsm@,wlx dx

Pt i 1. =é‘f25inx s;n3x dx
1
=3 f [cos(x-3x) - cos (x+3x)] dx
= 2f[cos2x cosdx] dx = SIZZX-SITX] +
E %[2sin2x—sin4x] +C
grample 3.
\'/Evaluate jﬁ% dx
S;Iu{ion:
LetI= % dx

sinx 1-sinx smx—sm2x
I'= f (T+sinx) = I-sinx L_sin’x

. iy
sinx-sin>x i sm\( dx_fsm’x "
& cos2x cos2x 052X
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=fsecx tanx dx — flanzx dx
=fsecx tanx dx — f (sec2x-1) dx
=fsecx tanx dx — J secZx dx + fdx
= secx—tanx+x+C.

Example 4 :

prl f\]l-cosx dx
Solution:

2 <
= f@ dx=\]§fsini dx
‘x .

CcOSy ) X
= 2T +C=-2 2 cosy +C
2
) fample 5.
; sin?x cos?x
Solution:
Divide N* and D' by cos*xdx
I = jﬂ?—c—_i dx =J'1+—7t— dt, where tanx =t
tan™ X t
-1
T =e—4t4c= ——1-+ tanx + C
t © o tanx
OR
(sin®x+cos2x)
= = - dX e 2 2 = l)
s sin2x cosZx » (" sin®x + cos*x

_f( sin®x cosx .
= ||= +
. sin?x cos2x sinzx cos2x o

3 ’ & 2 ¢
1= fsec xdx, + fcoseczx dx = tanx - cotx + C

je 6

/’1‘ = 'x—l‘f'

Integral Calculyg

f
P (R ax
xr
o jvision, we get
’[ﬂo s ac[ual div
@Byt

EXERCISE 11.1

" [ntegrate the Followin

| I
) ©
o 0
A
] \];
% : a) 2x+3
L )
© @t

€) x(x2+3)

4
2. &
a) /j(éx xz) dx

ax3+bx2+cx+d '
© )< .

g with respect to x:
~b) x
3
d) x/4
1 !
~f) 3_ e T y
& (x)'R
.
b)  3x2+4x45 '
1+x
d —=
(d) 3

Evaluate the following

- f (x+1) (2x43) d

dx

- o
/
£
\

—————
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~Find
PSS A )
X o ['L»%Z:a ®) f(u%) ”

1) ! X
© J.(() cosec2x —:5) dx (d) f o
Evaluate:
coszx sin2y

@ | 1an2x-3x2) dx
§

dx

dx

X @ f sin?x. cos2x dx

‘:—::": ANSWERS

6
X - —
(5 L0 6 3C ® : -335 +C
4 7
© C (d) 7 X 4 +C
: -3
©  Ax+C ® s +C |
2 (a) x2+3x+C (b)  x3+2x245x +C
: —a b d ;l l =
(C) 3—X_—;+C () 2x2—x+c
¥ 32 \ - )
© ZF+t7 t C
4 2x3  5x2
e w0 B

3 2 :
(©) axT +73~ +cx+d logx + k, when k is a constant of integer
x3 3x2
4 @  F+5 -6x+9log (x+2) +C
o 3
3 1
) T+ -" +C € —6ceotx+, +C
x4 37
(d) 73 ~+§2 2x + 3)|og (x+)+C
5 (a) tanx - x —x3 + C (b) —cotx —tanx + C

1/ sindx
(c) §(_~4 )+C

Integral Calculyg

185

su bstitution

cess of integration, we depend o iz

ﬂ‘{h In the pr rals. But, we can not express all the fuh knowlcdge of the

l(:o a nC[lOnS in [h
rﬂen“ mlc‘:vr:l In qu‘-;’h c(i: ¥t SP;cml methods o mtcnrauonz:mn =
antsl U of these metnocs is method of subsitutigp, 7y helps o
"'n‘cd- Ohr::f ot Of 9 fundamental integrals, which are includeg ;F:;b\;s tor
‘ e
,311" anot gral- 0
ﬂdard inte= (ax +b)"*!
; "dx= ————+cifnz-
P DT Ty e
[ log, (ax +b) ve
/ -
U i) a

dx

1
/
mﬁgralﬁ ] w+l

Herel= J(2x+1)™?dx =

= J2x+1 +C

. . m
[n evaluating integral of type [sin™ xcos" xdx , we put cosx = t (new
varlﬂblc) if niseven and we put sinx = tif m is even.

(2x+1)'"2

T tC

EX'Z

nple: jsm xcos_ xdx , putsinx =t
gample: REOsL X!

o cosxdx = dt

“ e write given integral

) 2
[= [sin” xcos” x.cosdx

v
= [sm x(1-sin- x)cosxd(

Put sinx = land cosxdx dt
5 ) S
Jea-t)dt = [d-fldi=—-re

1. L.
= —sin’x— =sinx+¢
3 5

ifferent
any integral if a trigonometric ratio contains an angle differe

L. In
* o iy to put that angle as a new

fOWtc.) it is necessary
: \ . sm«/—d‘ put Jx=t (i)

variable 't. For example () J——
—

[e*.sec’(e®) pute* =t
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; ' ¢ 16 has power different from X
2 integral if © We h ;
b gty el el 6
ewvariable . Forexamplein (=" By {7 e5)
power asan ! 1+x2 Xowg oy \/f :
A fan” X=1 _
tnegral contains the terms like - at el o mﬂ"" - [ x5’ dx
\«L/[bc casy 10 integrate by letting x =a sinb, x = 3 tang o a’, “ o 30'
secB TCSPCCUVCIY g 4x+5 =Yy
x=2 Puff r enuatmg w. I. t. X, we get
e
te ol I"""—‘ Wwe put X = a sin@ apq d dy
For the integr ‘/""" X = ac°39de / (4x+5) = Ux
a“sin _ 9y
et L SRR o 4=
a‘-a’sin“0 6dg : dy
a’ oo a’ sin?2 - dx= 73
= -QZ—'J(I-COSB)de = 7[9;,~nz\6}+c gx | l )
' So, 1= fy64 =4 y6dyi'zy7—+c
2 a? x 2
a 1 X
= —SIn ;-?; l—-~+c ) 1
. a = 55@x+5)7+C.
é . -‘is X _ZVa?x +c R
e : gample 2 ;
Erample.‘ . . ; ! Evalll@f‘?: fsin:”x cosx dx
Evaluat j X3 dx } = \/ B
e [——7
valual (xz_a-)Sl‘_’ ltion:
; : 3 : |
As mentioned earlier put x =-asecfand evaluate. (fef e Letl= fsm x cosx dx |
exercise) Put, sinx=y
4 ; dBy adac;pting rules discussed above one can derive the following Diff. w.r.t. x, we get IR f
1 ta tegrals. |
| standard 1ntegr. Sl | A d (smx) dy
MLT"':'d“ —tan"5-+c : dx dx ;
- ; : i.e. cosx dx = dy 3
I,—_dx- log{x +vx*-a> }+c ~ So.1= f3d
bt 0,1= y y
: ' ¥ sinx .C
o ;z+ 5 0= log{x+9x’ +a? } 4c ‘ =7 *C="g :
a2
1 B » Example 3. -,
[ ——=dx=sint X, - e
‘/ 277 9 c s ’ .
ot ’ ___Evaluate: f6)(\j3x2+5 dx
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Integral Calculus 189
solatio™ 5 dx = (Tfx)]"™) f(x) dx
' Letl= fﬁx 3‘\'2“ dx Jfere. I. f[ x)]") )
Put. 3= Y : . Put, f(x)= ¥
Diff. wor s we get : Differentiating w.r.L.x. we get
e = o | 8 i) = G
E(Bx-@ = dx . dx = dx
exdx= dy { o f(x)ydx= dy |
K) . n+
or, " § b
s y 2 o2 ¥, ~! : So.1= fyndy =5 +cC
1=fy dy="3;FFT3Y 7 +C i n+l
So. ) : |
| i 1 R L(63) IS
¢ n+l
i 2 3/2 l, :
‘ , = 3(3X2+5) “+C E Case Il
‘ | : | | I 1 of type J&l dx
B : A ntegral O f(x) "
Example 4. . _
2 ]
X f( :
\&um' f'\ o ; | Here, I= J‘Fz:_; dx
Solution: Put. f(x) =y
2 ; Differentiating w.r.t.x, we get
= )X C_x dx = ) <
et f\ f(x)dx= dy
Pu,x>= Yy
\ / R () A
Diff w.r.t. x, we get : f: . ~ 1= j Y= log y+C
4.9 _ & AER| ¢ -
dx(x-) = dx : ‘ ' m
wdx= dy ‘ ' X) dx= log f(x)+C
soxdx= %1 : W Example 1.
\ .
sin X
52 dy | Evaluate : £ d
= X — — —— o . X
‘ So,1 fe (xdx)-fe)’2 _2fe Y dy _ N
ey 1o .2 Solution:
= tC -7 —X
2 - e+ C. ‘ : J’ doml
; ‘ : etl= dx
zome special forms of method of substitution: _ 1-x2
= Put, sin"lx =y
'Imcgr.al of type f (O £(x) dx : - Differentiating w.r.t x, we get
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dy
-éj;(sin‘lx) = dx
1
——a dx= dy
or, r’l—xz
esm
dx = )JeY d
So, J’ ’ ) f y =ev, o)
e 1= €T AC
Example 2.
eZX+e—2K
Evaluate:fﬁ
_—
Solution:
e2Xee
Letl= o2k _g2X dx
Put, X <X =y
Differentiating w.r.t. X, we get
d d
-d—x(e?x_e—ZX) = al
d
or, 262 + 22X = (—1‘;1
d
or, (€2 +e72X) dx = —2X
o (L
So, I= )
L(dy _1
= ny =7 logy+C
. |
1.e. I= 5 log (ezx_c—Zx) +C.
Example 3. !

\}v/luatc fe Ll4w)
L U(\'L cos2(xex)

Integra) Calculua

o’
Nz e*(1+x) d
ME ‘——cosz(xe") X. As Mentioney earlie
Wwe
puts xe* =Y
pifferentiating w.r.t. x, we get
d d
I (xeX) = a%
xeX +eX= L
or dx
eX(x+1)dx =" dy
, d
So. = J .
cos2y J sec?y dy = tany + C
[=tan (xeX) +
ﬂample 4
" Bualuate: dx.
(i J (xfx)
Solutiom

I dx d
tl= X
Ret2= ) (xefx)

Pu[,»\]; =y i.e. X:: y2
Diffcrentiating W.I.L X, We get

d
a—;(x) = dx(y )

A
oL 1= dy dx
dy
or,1= 2ydx
~dx= 2y dy

- Dt ydy ydy
So, I =2
y2+y yiy+1) =2

2 log (y+1)
s 1= 2log (Wx+1)+c

y+1
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Eng
Example > sinx COSX_— .t X.
yalc -'\m'\‘*‘b""oq B
ation: '
Sﬂlllfw Sinx COSX dx
N oy
Letl= ['a 2 in2x+b= cos7X
2%
Put, a~>m'>\+ blcos?x =y
: we get
. iqting w.r.L X, &
Differentidtis d p 4220y = X
_d._x.(azsln"x + b=cos X) = dx

: gy,
2 FY
o (a?-?,sinx cosx— b= 2c0sx sinx) = gy
)

g 05 d
or, 2 sinx €OSX (%= b2) = —de )
; | . sinx sy
I - sinx cosx dx =, R

sinxcosxdx " dy
Thus, 1= f 2 sin2x+b2 cos2x 2(32—b2)y

—i———=———— log
2(3-.b)f 2a-b?) Eade

hatl B log (a%sin xﬂ-bzcoszx)+c

1= 220y
Example 6.
N Evaluate:J : o dx
x[1+(logx)]
Solution:

Let]= 2 o dx
x[1+(logx)]

Put, 1 +logx =y :
Differentiating w.r.t. x, we get

d d
-5 _ gy
dx (1+logx) = &

Y L, el

I =
ofx dx

So, 1= 5f

le 7 i
P ] +sin 2x
b ‘@luale jx+sin2x

" ﬂ'.
50’”“0 [4sin2x
Let1= J x4sin®x

|+25mx COSX

Q/S/J_’ f x+sin?x

= log (x+sm~x) +C

pramp¥ 5 é\

Ve

1
Evaluate: fjc;_’_—l‘ dx

! so,,,ﬂ'on:

d
dx(X+siny)
dx= | ————
X+Sin2x dx

lug
183

dx \ 1
[1+(logxym = Sf\ dy

= 5fym dy=s!
-m+] *+C

1 I
= Tom [1+(logx)] ™™

J‘ f'(x)
f(x) 9% = log [f(x)]+c)

Y R X
4+ l) s l+€ X
e—x
Put, l+eX =y
a0 Dxffercntla&mowrt X, we get
dy
—X _X
.L dx(l+c ) = d or, —€ =
O setdx= —dy
ik d
AL I= f_l =-logy+C
o y
(N .
: \. o So,I= —log (1+€) +C
™
' e —
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I3 x4/ 31 dx 26. J‘Q p
following I f xl = ;
Evaluaf® the fo _cosx | | \I |
W (loxd Vlesing dx - sind_ 20 J a1y
B §x%+2 f l+C°5 2(1+x2) dx :
i —Xxdx }
k [,COSZX dx @ X sin3(y2 !
A fxc) dx J-‘\fgxz\ f/)//——— f sin>(x ) cos(x2) g
N 4y d cos(l
X ; X 32. ogx
: _’ql_rﬁ,. ) ,L fe sec2(ex) dx | f SlnZ’tx cos> X X J‘\-;El i
5.+ |3+4c0sX . : : AORE '
X 8. fexm d /L’-‘-E dx VT ,.; e 34 J‘ e2x+3e4x
—_ . X x+a -P‘\I_X—‘;- 7 eXpe—x i
CE I e~ d . (5 ) g
X il
I SR T o Jo™ (1) o e
9- " 'q Ay 3 2 i
x-\X ‘ 3 / o : ngnt Divide numerator and | |
‘ 3x g 9 enominator by cosx 2 :
E s dx 12. f e’t dx 3 f (s|n4"+C°S X) and Put tan2x = y] -
© )14k : = 0
x dx - & ~38. f*
. T y o d
LRk ] et
4y dx N 40. [ tand
sm-Zx J 2. f sec N ~ f n° x dx
S Y 1+c052x N— y\/ KK , J
2 :
o[ 8. f \/ﬂ, ‘ ANSWERS : 7
Z 3 " ’ Y
J‘ G i | e @D +C © (@ 24lsinx +C
2 st } 2 o
.19, f}“"dx 20. fcos X sinx dx Lyt e @) L 8241 +C -
, \ : @ 2 - B
/, i X \
& f cot’x cosecx dx I ) :1—1 log (3+4sinx) + C (6) tan(e¥)+C
A : 1 3
f \/ixT (Hint: Multiply numerator and denominator by eX) 0 2[an’l(\]7() +C Lo o(8) g(3+4c") Z,c ¢
e“X-] .
o . 0 2log(\x-1) +C (10) log (logx) +C
: int: =3 1
1 Iy dx (Hint: put 1=y | 1) 10 (14€X) +C (12) 5eX+C

: . ‘ o
-2 fetan3xscc23xdx : {13) log (secXx) +C 14. —[\/1__472:+c A
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; Engineering mathemadties =1
1%
ey (16) sec”l(y) +C
sin2X , ¢ ;
(15 *x~ 2 o
L—+C (18) 3 R

(1) T’ o

(20) 3 Cos’x+C
,ﬁ— +C

(19) Fog3

. 22)  sec”leX) + ¢
'Tl cothx+C

e a L. .38

S Z1-d P50 4 C
{23):40 i - ,
24) ';'em"3x+c

3 1
! (x4/3_1) h,c 26 26T 4¢

@n (1eost) +C

1 3 :
(28) g(tan‘lx) l +C

l .
9 = i‘%+c (30) g sin*(x?)+C
2 —J’E'z 2 .
. g%i’i+£9;-7£+c (32) sin(logx) + C
-5
2 [ ¥ _ +b)3’2]+C
(x+a)? —(x ; »
33 ﬂ;) _ %
S log“(x“+1)
G4 F*+C (35) ) +C

L
(36) tan!(tan’x) + C (37) 73 log(Btanx + 1)+ C

'  tandx
(39) tanx+ 3 +C

(38) log [log(logx)]+C

(40 % sect x - sec? x +log (sec x) + C

Integrals of Trigonometric Functions:

In the standard forms, we have already seen that N 1

i fsinx dx =-cosx ol

= ’

fCOSX dx = sinx.

Integraj Calcylyg

Now» We derive the following formulye,
d
f sinx d J:Tx(cos,()
= | ney dX =~
f janx dx COsX (co\sx) -

= log (cosx)~1 4 c

<

= log (SCCX)+C
d .
cosx dx(sinx)
fcotxdx =fsinx =) S dx
2 - - .
\/ = log (sinx) + ¢

f cosecx(cosecx—corx
(

fcosacx dx cosecx—cory) ~ dx

3_ - L
1 cosec2
= X—Cosecx cotx
Cosecx—~cotx .

d
: ; J‘a(cosecx—cotx)

-
(cosecx—cotx)

log (cosecx ~ cotx) + C
which can also be put in the form

lo (L COosx
& \sinx “sinx) +C=log

2sin2§
= log

28il‘l§ COSE

f cosecx dx = log (cosecx—cotx)+C = log (tan%) +C

= log (secx + tanx)

(l—cosx)‘
=] +C

S X x|tC=log (tan%) +C

/ d secx(secx-+tanx) d
| 4 secx dx = (secx+tanx) X
d +tanx)
~-(secx:
sec2x-+secx tanx " dx
secx+tanx =

secx+tanx

197

= Iog (COSX) +C

sinx
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. 198 ‘ B
‘ p can be P in the fOf

C
o sinx

log (cosx cOSX
(oo} 2

l+sinx) ~1og T
=18 ( cosx cos?5 - sin2 0)

x X2
(c05'2'+sm2)

X =log \‘

= x, X wuX
=log (cos % _sin —?:)(cos 2 + sin 2)

4
—
—x | =log X

_ lg|—%
1-tan2

|-tand tan2)

. el
1 tan| —+
. J‘secx dx = log (secx+tanx) = og { 4 2)
Thus, we have derived

1. ftanx dx =log (secx) + C

2. f cotx dx =log (sinx) +C

bad

: X
fcosecx dx =log (cosecx—cbtx)+C =log l:tan (-2_]] +C

)

m X
fsecx dx =log (secx+tanx) + C= —log l:lan ( 2 + EI' +C

Example 1.

'cos2X
Evaluate: )cosx dx

s W
224 2siny cosy + sin2 &

X
COS— 4. i
2 " Sin

X
COS — — o
)
3 o

—2 3

+—

n -

X i St
J+tan2’ tan4+tan2 log[tan(z <
2

Integral Calculus

T oo
gt 052X - Yea? j
3 5{7’[’“\/ ' = fm d’(z .I‘(C(C)Z\s)x(ﬂ) d 11

£ ,
j (Zcos2 1
= Cosx cosx) dx=» fmsxd
= 2sinx—log (S°Cx+tanx) iC f Secx dx
. dard Integrals
st
A
le s
ﬂﬁ : G
ourSC”"by pumng.
. po y x=a tan®
alﬂple ‘ ;
=
x2-a
jon
gl : dx
A AL
% 2-a2 = 2a\x-a x+a .
- 1% 2a J\x-a” x+a =2 I2a- e
. 1
' = ——1 - =g
- 23[0 (x—a) log(x+a)]+C-2a 1°gx+a +C
dx 1 X-a
x2—32 ST (x+a) o
Examplé’3. i
S dx 1 at+x ,
\7[3142 =7, log (a—x) 2o
RS WA
Do yourself, taking 55 o T =2alarx T ax/ ' //' 47
/____
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, 2
4. Yt ¥ F X~144,2
Exﬂ'"plc }’— . - ’ o (X - y WE) +C
4 3
. X\/"Z/"; » il 6 dx
" N ]
Solution: dx g \E/ﬂlume'J‘\’Zx—xz
' I= J‘;\/'g-_——:—:;
xc—-a
Putx= a secd ! {y g
. dx= asecb tand dx # 1= \fZX-X -(l-2x+x2 .[
asecOtan8dd 1 -~ 1 ) m
- So,I= =afde="9+c Lo 1=y
5 a secO atan@ a t X
: , u Jing W-T- t. x, we get
X atiflz
Butx= a secO ' = secO = ; pif{ereﬂ“ dx = dy
-1 }- - d = Sin—] Y
BN e = sec a ) ; e I— P ’(1)2_(),)2 l +C
g (onL - S % 560'1(3) .  the value of ¥, 1= sin~! (x-1) + C.
-~ 2792 Pu‘"ff';  problem can be solved by putting x = ¢,
yf’
le 7.
Example 5 g™ 3x47
dx Evaluate: f 2413
yate f Toaes L//“ (2x2+3x 2 ¢
; Xe—
Sl solution:
Solution: : £ood 2
s ix _J. dx Let (3x+7) = A (2x°+3x-2) 4B
- f \/x2—2x+5‘ A (x)2;2 x 1+(1)2 +Q2)2 s (B3x+7) = A(4x+3) +B.
dx i.e3x+7= 4Ax+ (3A+B)
= f D222 | pquating the coefficients of x and constant terms
: 4A = 3and3A+B =7
/ Put,x-1=y "
I Ijiffcrentiatiréii w.r.t. x, we get A= % and 3 x% +B=7
L) =5 sdx=dy 1 NP
) = 7 an =T-7 =
d 4 4~ 4
So,1= J—‘y—=log (y+\/y2+22)+c ' '
.\’ 2.(9)2 19
)(2) Z';—X(Zx2+3x—2) L
= - dx
¢ [ = log(x + NN So,1 2x243x2)
x?+a’ .
Pu;ting, the value of y, we get,
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_q_(‘)\—+3\“.) _L9_ dx
3 i‘-/""‘*-i °(\+/~,xl)
=3 ] (x -+3\——)
___-‘——'__'_"_“—
3 g (252 + 3x - 2N 33\ 3%
=7 log (2x- + 3% 4x2 J ()22 x?@ "'(Z) "
19 dx
3 e |7 32 9
s ' (”Z “167!
19 dx
=§- g(2x"+3x-—2)+ S 3 2 5 2
4 -0
35
xX+5 —
19 1 474
=§ g(7x~+3x—2)+-§'—g log 3 5 +C
4 23 Xt73+7) .
19 2x—1 J
% g(2x*+3x—2)+20 lou [2(x+2) -C.
Example 8.
\/ . dx
Evaluate: J——_—_4+55in2x . ,
Solution: ;
- dx
& i (Dividing by cosx in N
=- = . P
l f4+55in2x 4+5sin2x g by inN & D)
] cos?x
i i j secZxdx et2i dx ((secx dx
S JaseckxaStan®x ) 4(1+tan?x)+5tanx | 4+9tanx
Put? Jtanx =y
Differentiating we get
3sec2x dx = y
i.e.sec2x dx = %X
o ;
SO,[=—~_L_11 —|-X
3j(2)2+(y)2 T3 T 3+C

Integral Calculus :
e L (tan
¢ tan ‘(Tx) +C

n'l’”

dx
Evaluaw f\[(x—a) (x-b)

Sulll"”"

o

- log [Zx = +\}(*-a) (X—b)] +C
9 [ﬁéﬁ)_*'l";l+ ey )] i
= log [( \x-a +2J X—a)(x—)+(\ﬁ:)
log [\/X-aff\“g F"l°g2+C

2
log ( x—a+4x-b) +C,
2 log (s/x—a +\/;<—b)+C.

Yote: This sum can also be done by putting x-a = t2

W

1\

1\

" Thus, Xx-b = t>+a-b and dx = 2t dt

gxample 10.
\.-/ X
Find %_% dx
Solution:
Ax
I= 1+X “dx

Put, x = y2
sodx= 2y dy

Now,

203

J‘«’ —(a+b)x+ab W
2) -()

atb a+b\? (ab\2
‘2)* ("‘2)'(?)]&

Jec

("." C-log2 is an other constant)

(Exercise for student)
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: 2
B A -9 =
oy J.l+y2 2y dy 2f1+y2 dy
2
1+y=)-1
i j&.ﬁ’_ s
l+y~
T 5d
,:f 1+y l+y y j|
2 = _
Z[fd)' f( )2+(1)2:| y—tan~ l(%ﬂ '
Putting the value of y, we get
= 2[&—tan"(&)]+c
Example 11.
; dx ;
—————=compare with problem gjve b
Evaluate (x+1) x242x N belgy,
Solution:
1 J dx
= J‘(x+1'\l 2+2X (x+1).\/;2+2x\+1_1
7 f (1) (x+1)2-<1)2
Put,x+l1=y
Diff. w.r. t. X, Weget
dx=-dy
_dy
o8 I:
J y-1
= -1 2. dx 1/
= sec(y)+C _ RN | 1(_ .
(e
Putling [he Valuc Of y

I= sec™! (x¢1)+C.

Note This type of sum can be solved by butting linear factor i.e. x+1 =l»
‘ then the integral reduces to standard form,

SUv

12
rﬂ” 7 r k/

1= 1-yy2
L

Sooatdl Mdiculyg

) 205
Form [———dt___
(pxtq a’<2+|Jx-i>c

dx

/’__
I(2x+[)\/x +2x+2

Fox +nm

2x+l =

< |-

v d d

4 = —vhH&
dx (2x+l) - dy () ) dx
or, 2dx =

or,dx =

_d
2y~ y 217(1)’

+2(5D+2

T (SRS
y P
dy &

I = ) Tr—
‘}1—2)'+Y2+4)’—4)'2+8y2 S5y* +2y+1

f—— -
m ‘/_ Vo) +2yl+() +1-

Lot Thady

5

(4
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06 e
= —l/log[5>'+”\/25f+10Y+5]fc
= _—ﬁ ’
[ 1 25( \ )' +10[ 1
+1+ - 1
- TIO“ S(ﬁ] 2x1 2x+lj*5 *
—2x +6+\/20x2 +40x +40 R
xHOTN L —————
0 T——loo 2x +1
orm
Integrals Reducible t0 standard F
n
When, we have to integrate the functions of the e
1 '\_\ﬂm%l'
L and = —ocrc sinx then the most "eneral Way i s
a+b sinx and 5 +b cosx+C S! %,

X ting this, the above f
=vy. By substitu orms ¢,
¥3s to substitute gy =Y Fin Megry,

d algebraic forms which we can evalyye easily,

dar
| be reduced to stan
Wll We follow the following results:
X A
Put, tan7 = Yeeerereseerers (1)'
Then, from trigonometry
X
2tany
2y
i = T e
SE a2 1+y?
2
s i Y
ie.sinx= ——
[+y~
X -
I-tan? 5 2 5
-
cos X = = . ﬂ‘yL?
[3tan® 5

Also, differentiating (i) w.r.t. x, we get

secz— dx= dy
/
Gl ie dx= &
l+y

This process helps us to reduce the given integral into standard form.
The following examples help us to understand it.

Lo TTeMIug g
207
ﬂ’p’e e/ dx ‘
Evaluﬂf 4+5sinx
g
I‘Iﬂa dx Fo 2 2
5 LetI= | 4+5sinx F5 Y99 % Py
put, tan*2 =
B 5 -
! 1 = and =~L
Then, SINX = [ y2 A€ .COSX 1y
2dy
and dx = l+y2 o 2
2 dy/1+y2
So, I= _—L-Z_L = J%k _2/ d
4+5_y_1+ 3 4y +10y+4 ~ ) ,%;
’ 4 Ty (y ”TYH)
& [
N
(y)2+2 yz+@ +i-(§) (3)2 3\
53
i 1.1 |Yag 2ot
= 2 72x3 08|75 3|+C fr?
4 Y*ay
l Ll
: : 1 ) :
N = 3 log(75) +C _
Substituting the value of y, we get 16
tan>+ X
S | 2 1 2tan3+ 1
I= 3 log X +C=3 log\y——(— +C
PSR U I TRE
W’é 4. |
Ealuse U preererey ")
f
;ti‘
’—A
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208 1 508 %
1= ‘r'fcosccy dy =l o ( y :‘.:f:f:
Solution d : 1 i 2) *C
X i
——— g = —= x+0) .
3 N ( xstan” ! (1
= ) i
A a .
puttan¥2 = Y : AJa2+p2 108 \tan *) +C :
1-y? |
2Y_ and cosx—T‘lz‘ and dx:al
*Then, SINX = 14y +y l+y2 Q 00 (‘j '
2dy [ i
2 y, i i A ]
1+y —dy one
2 ﬂon'
= 2 [ d
S0 |audt 2 A e 5 wehaveI= | Tt,x_—
1+)’2 1 +y +4CosX
2 dx
) -—-f——-'dx’z"‘—z e S(cos” % +sin’ $)+4(cos” £ —sin’ %)
Yol ' ‘9c052%+s_in1%
_1 B -
- 2f 2 2 = 2 tan ( ) +C
(y+1) +\Ri_ \2 Now divide N’ and Dby coszé. we get,
S (R S X ' sec’ %
[ffx2+a2—atanl(;)+c] g I= | 7?. dx
: Qtan‘-’;f :
1+tan"/2 I X
=12 tan‘l(T) +C . ('-'y= tanxlz) Put tan— = t
2 x 1.
Example ‘ SeX 52 de £ dt
: ___dx‘_— =1 (S ) ' 353 . 5 X
Form a sinx+b cosx — o sec’ ) dx= 2dt
Put a‘= rcosBand b= r sin® ' Thin? S0= 2dto - 2 tan™\(U3) + ¢
. asinx + b cosx =r sin (x+6) : ' 9+t” - ‘
And P=2a2+b2andtan0="b/ ' ,
£ T - Zt.a“"(l“““ %}” el
So, : sy el Sl 0) dx ? ' " 3
Tsin (x40) /; ) cosec (x+6) dx i :
v : : —dx i
Put x + 6= y thendx = dy s For inegral of type I +bcos’x :
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210
dx in which denominator “"Cady
. 7 nla
putor | sin® X +3605 7 nominato LG ;
We j:;lldl\'ldCd Numuator and De r by cosx they L
. sec” X dx
= T4tan*x+5
puttanx = !
secixdx = dt
dt lI dx
e (— =)
Then, : I412+S 4 t-.+(§)-
g ot |
= _l_x_l—tan : o = aﬁlanﬂ&
2L e 5t

dx orj

o Integral of the form |

(x—a)(x —‘

evaluated by Iettino one of the factor of denominator as t2,

——-_—" b
For example, I 02

weputx—l=-t

X= 2+ 1 dx=2tdt
Th = | o 2tdt 4 dt
en, 1=
1/ (t~ +l+2) @7’1 +3
= 2log (t+ t2+3)+c

= 2log[vx-1+4x—-1+3]+c
= 2log(\/x—l+s/x+2) +cC

¢ For integral of lhe type j‘} i dx weputcx +d =1t
For example in eyaluating IW’ dx, we putx -2 =,

ie x=t + 2 s0 that dx = 2tdt. -
The given integral

mcﬂnbe

integral Caleufyg k|
- 211 :
5-12-2
I= | T X 2t
g s!andqrd INtegra|
tV3-t2 3 5
= FE=Sinpla
2 2 «/5 ¢
. 2
=TT g sk X2
W
= —<f‘><m)+~sm-r F
+c
3
. .oral is of the form [———l10X
The integ (px +q) m can be evaluated by
1
= —. For exam le for
x+4q p
pumng P e m
We, put X + 1= -
1
dx = —‘t—zdl
X= l.— 1
t
1-t
X= —
t
| -2t+t-
xi= t1
2
"'(l!dt d[
Then, [ =
IlJl—'.’Hll -1 J[ '7t
t l2
s Jl—’zt x2
= —I(l-?-[)_”- dt= -(————2)——+C
i x-1 f
= Jl=-2t+c= l“-‘—H'-fC: ;T+C ;
i
i.i'l-
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A)EY allliltc the integrals x dx 9
J \\/ J\- 2X+5
2_0x+5 ¥
P x| =
: XCX dx F 4 f dx\ 260 4
{ 342x-x2 ik
3 ( a—x d 5
*'\\ _-_______.._—— \ ‘i J. P 2 X
(/. \/—1;———6: ‘\L.lx X 6
y AS\ J‘ (1-x)dx 1
T f \/’):;: - ‘\/ 8+2x-x2 :
2 v j '
. ) 9.
9. fm (x+3)‘\/?+10 .
0.
(2x+3)dx 12. j_x_dx_ l
” f4x-+4x+3 ‘\/ x2+4x+13 i
')x~ + 3x+4 ik 14. _dx )
x~+6x+ lO \/ ‘.\/ 3x2+4x+5 ,
Is:
\sk)éalu te the following integra 3.
). Vs _"r )
_ J5-4cosx ey % -3 sin2x
N z~,\0 14
V5> AP f e Tdx o ) hdh :
-/i/‘f’ / l—cosx+s
~ /% 1‘1+5 sinx — o oo inx__ B
. dx P ™ ’\//11 l
g f 45mx+3cosx+13 5+4cosx 5e :
% dx fg,on,fgcuu 4% 3.
' 3sin x+4cos x
R , /M Jghn'll»4wf'h :
P ]
| ANSWERS ik
A) 1
: ‘l. log (x—-1+\/x2—-2x+5) +C

J R
- \!’3 08 3

caEgtdl WdiCulug

. a3
Xl
a5 o

L (0™

:

7_2x+5 +'°"(" 1+ x?-2x45) +¢
2~

)47 |Ug (?D +C

+2 X,x +C

m:g —2log (x+2+\l x2+4x+5) +C

(l+ x24+6x+10

3 +C

~log

1 1 (2x+]
L jog (4x2+4x+3) +7 tan I(T) +C

x2+4x+1;’a —2log (sz +4x+13+x+2)+c

—92- log (x2+6x+10) + 11 tan~! (x+3)+C

+ax+5 | C

V3

2 1 (Btan® S L [2mnx43+315)]

3 tan”. (3tan*/5) +C : 2\]3 log P +C
1+2tan¥2 X

103 (4+2 tdnx/Z) +C 4. -log (l+col 2) +C

tan™ (5/61 X/2+ /3) +C 6, 3 mn (3 tan ) +C

x+tan 14

3
— log|.tan| —— +C
’ 5 2

2

f
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214 3 A = Algebraic function i
X arts ’ — Trigonometric function
[ntegration by Pf’ e encountet with problems which can T g L
We someumeh‘gd of substitution and as well as imegfﬂlioe "nly g = Exponential function,
valuated bY using met N by Dahe roduct of two functions, we chooge former i
(cm partial fractions)- " {n the gon and the latter as the second function N the aboye rule
: nc )
; Parts st
perivation of Integration by o gi? ' For cxample-
: The process of integration of the product of two funcF'O"S i kg, f )_(2 sinx dx
h s
S H b p(ll'ls- . - . pp . Q
inegraio ™ +d v be two functions. Then.from differentjy caley, . ntegral, there are two functions algeby; :
Letua us his inte it > aic and trigonometri
' We Int TE, algebraic is former and trigonometric js | Metric,
have dv  du ILATES o as the first and trig L 1S latter. So, we
d N MU ¢ functio gonometric ag th
! g;(u.\') = Ugx T Vdx " th i algebrat d € second ang
: ‘ 5 2 (sinx dx — f-— 2 :
Integrating both sides w.r-Lx, we get 2 2 sinX dx = X7 SR X - [fsmx dx } dx and evalyare
] -d—v- \ 'd—u dx ' \m‘tc f
wv= fu'dx dx+ | v-gx @ Al
‘ ’ he integ" . tion by parts fuv dx can be written g
Transposing. We get The integra S S
dV .(ig Zl ‘ . ' " "
g, dx=uv- Vidx  QXeeveeneneeenns ) v dx = uve = U vy U V3 Uty + L where dash and suffix
Putting, u= f(x) represents differentiation an-d integration with respect to x.
dv _ But this formula is not applicable for all cases.
al'ld dX = S(X)
we get, ample 1 )
. ; .
v= fg(x) dx » Evaluate: fx? dx.
So (1) be written as | gution:
df(x)
ff(x).g(x) dx = f(x)fg(x)dx —f dx {f g(x)dx} dx Let 1= fx eX dx
This rule can be remembered as - ' : . “We have two functions, x algebraic function and :x(e;ponemj.;l
i i he first function and e* as the secon
= s finction), (So by ILATE) choosing x as t
\_fixnd = Ist S2nd-[Td(ist) [2nd ). o, vgrating by parts, ‘
Remark: = XJCX dx - .f%(x) {fcx‘dx}dx
L. There are no general rules for choosing the first and second function. ’
i I‘ie/:rtrlg following rule works in most of the cases. ’ C geXo fl eXdx = x % — eX+C=eX(x-IHC 1
-We remember this, where Example 2 G/C‘\‘ ' ;;
: xa A ;
I' = Inverse circular function i eL_/*’ 2 :;
L = logarthmic function: Evaluate: [x“ cos(x~)dx ai
‘,‘3"1
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216 : 21y

P : : 1l x? sin 2nx %
Solution: i is X2, we first need _ | xR Cos2nx o
ince angle of oSN O putxty, = 2|2 o[+ C ;%
oxdx= 4% ‘ (2n) K
n= o - A% _xsinamx
Xdax = 2 = 312 2n mcosznx]+c
Then, I = Ixzcos(xz)xdx ﬁ'ftcostﬂ
] 2 le 5.
. oy Liesint—[sint.1de] = L ﬁ“'ﬂp cos2x dx
Now tntegrating by pars = 5 2[t'smt+Cos ' f *
2
Replacing t by X o
i :
= -;-[x2 sin(x?) + cos(x)] + ¢ o Let1= f" cos2x dx
. fi
oosing xW:sg ;?e irst and cos 2x as the second function ang t
S gain % P ;
-1 i d i
-\/ ftrm x dx 1= x|cos2x dx __fdx (x) {fcost dx } dx i
Solution: sin2x . i
e S O TR O S 'S
Letl= ftan xdx = ) ltan™'xdx 2 2
. _ . . .
Now, choosing tan™'x as the first and | as th X 1 cos2x
imegratingob\;' e gt € second functigy wl: = 5 sin2x+3 ~ 5 +C
d X . 1
[= tan~!x fl dx - fa;(tan—lx) {fl dx } dx : = 7 sin2x+7 cos2x +C.

le 6.
mn‘lxx—f‘l—z‘ x dx E{alﬂ
1+x

- x sin~!x |
; Evaluate: —_2 dx |
o L2xdx I-x |
= xtan"x-3 [T ;- ;
' I+x : - |
1 : Letl = Xxsin_X dx {
= X tan‘lx-i log (1+x.2) +C A , 1—x2

Example 4. Solution:
Integrate: Ixsin2 nx dx V Letsin—!x= 9 ’
Solution: Diff. w.r.t. x, we get
- d do

LetI= [xsin®nx dx - ' '&(siry‘lx) = a8

— i-cos2 | I .

= jx( - nx _ 1 A —r .
22\ dx = EUde —[xcos2nx dx] or, = 1—x2 dx= do
, - r'“

Scanned with CamScanner



o : : Engineering Mathematics - | Y ntegral Laiculug {
v : 4 g ‘

218
I i : :abx — bcosb
Also, from sif Ix= 0, we get ) = a’ggl?}__z-—ggs-—x-] +C
x= sind b/z =€ b
¥ . - %
So,1= JOsind dO ! 2 ,ea"[g‘s"n’bx"zmgw-x] *Clve=_k
: -et ‘ % = a = (al\%z)]
. _ k .
Now, integrating by Parts: ¥ . o M ] +C
16.d6 - I_,E‘._(e)jsin 6do ’6‘,{ 224b” |
g]s A d(e) '.'1 S edlie dx = ca{% ;
o =
= 0 (~o0s0) - | }(—Cobe)de .milarly. f e C ‘ a2+b2 ] +C
i
= —BcosO+ fcose do . . )
= es of integration by parts:
‘ nt cas :
_ _gcosB+sind+C. piﬂefe
Substituting the value of 8, we get . Well [egral ‘of the function of the type
: n
1y Af1-x2 +x+C X )
[= —sin™'X f x(f(x)+F(x)]) dx=¢ f(x)+C
% 89
' N
Example 7. : ; f . ] ~
Evaluate: fcax sin bx dx _ | PTOOL.H g.= 4fe"[f(x)+f(x)] dx N

_ fefeodx + [ fxdx \

!
f eX f(x) dx + {ex J(f‘ (x) dx) - fdix (c:‘) ff‘(x) dx}

Solution:
Let]= |e®* sinbx dx

|

Now, integrating by parts taking sinbx as first and eaX 4¢ Secong

function, we get

d . « To make comparable with ILATE, integrat 5 .
I st Jemax - j[a;-(sm bofe” dx]dx Jas second function. Brate the first integral taking
o o . = fc"f(x) dx +eX f(x)-fex f(x) dx+c
= 5 sinbx — b | cosbx a dx e )
= eXf(x)+C
= RHS Proved.

Again, integrating second expression by parts, we get
# \

I= caisin bx -E—[cosbx]e“dx & I{'(%(,(COS bX)Iea"dx}dx] | Bcample 8.

i : i - | \7"Ev'aluate fe"(sinx+cosx) dx
or,I=="—"sinbx - ;[cosbe ~ | b (=sinbx) 7~ dx] | Solution: \
on 1S sinbx _a% uied :_; fex sinb dx Wehave, [eX{f(x)+f(x)} dx= €*(x)+C
o 1= sin bx —a% cosbx €3 —% I e feX(sinxecos) dx= e sinx+C

: S
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i

Solution:

+1)-1£X _
Xe ‘—\ .
Wehave, | )2 (x+1)? 1 (ke )2} X gy
\
) ~ 1
= f{ f(X)'\“f(x)} e* dx where f(X) =m
= eX f(x)+C
1

= ex +1 + C

Case Il

Integral of the functions of the form:

o A e e

Solution:

Letl= JA\[a22 dx= fl\/ ~x2 dx

Integrating by parts , taking \132—)(2 as the first function, ;ve gel

d 1
1= ‘\’;12—)(2 fl dx —fd_x(az—xz) _/2 (fl dx) dx
-1 ‘
= \’az—xz X— f % (a2-x2) h (-2x) xdx -

= x\Ja2—x2 + j \/—— dx = x‘\/ a2—x2 f _x2
a“—x
e P f\/ﬁ V252 &

= x\Ja2-x2 + a2 sin“l("/a) -1
or,2[ = x ‘\/ a2-x2 4+ 22 sin‘l("/a) +C

2 N
o l= Xpfa2ad +5 il (*) +C.

(ii)

(iii)

Ex‘ﬂﬂp Ie
aluatc f

- Integral Calculyg

Evaluale'f Jx2—n2 dx

ceeding as above, we get
pro

It x2-a? dx =g VR-? -5 '°g(x+@)+c

REBPERREEE O 0 5

el

. paluat® fm a

S'mi““'ly as above, we get

f “Zia dx_z‘\/x +a2 4+ L 1og(x+\j;2+\a) e

dX 'J,

X .
Putx= a tan29
dx = 2a tan sec? 0 d6, then

I i ’a+atan 9x2 ano
. T x7a
a@n’o nOsec” eda

SCC
= W

= 2ajsec'. 6.sec6do

= 2aNtan29+lsec29d6

Puttan6= t
sec20do = dt

2afVt* +1dt = 55 ﬂ+ilog(t+ tl+1) +C
2 2

a [tane l+tan'9+ 1 ( t+l)] +C

L l= ‘/_ JH_HO{\]—H}H—J}LC

‘E‘j
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U—lt)y
Note:  This problem can also be solved by Putting x 2 b

B EXERCISE 11
.

Evaluate the integrals:

L. fx sinx dx o fxz Sinx dy
logx dx 4.
3. fx ogx dx 4 fx log axdy ni
T, flogx dx . - 6 fx5 eX dy
‘7/.‘ -fx sinx dx ‘?\@ (x+1)2 dx \) (L 0 3
I logx il . e |
9 f o w0~ Ssinly 4

@ fx sinx sin2x sin3x dx A [XtSinx d !
/ . 2/ ) l+cosx 9X

. M xtan~!
13. ) J eX(tanx-log cosx) dx 14. X =
() fesameio [,
' s 2X ~
| g
y f sin (l+x2) dx y f xeos3x sinx dx
\@ f cos(logx) dx g&/)/fex sinx dx

/ f m—l\ﬁ B Fun

L ANSWERS
L. —xcosx + sinx + C \
2( g !
2. —x2cosx + 2xsinx + 2cosx + C 3. % l; : —%2 +C [
xN+1 1 ' .
4, | l:logax (n+l)] +C 5. (xlogx-x)+C

(x5-5x4+20x3-60x2+ 120x~120) eX+C
(=x5+20x3-120x) cosx + (5x4-60x2+120) sinx + C
cx

S iz C 9.

l !
X+17 —;(logx+ +C

v

Integraj Ca'cmu.

B /I_xz +C

0 * sif 1 I
v cosdx -3 cos6 :
-2 (cos22 o +‘6( i Zh%sm i
” 8 4!’--‘ sin ()x)
X 4 *
1army B. &

X 2 It

1 ] -lx) +C B¢
\//Z(X—tan I5. X tan-!

IJ‘ 14X !‘bg“,*xu

1 . 1+C

,Tx cos*x + 128 (12x+8sin2x + sindx) 4 ¢

(6 4
(5) [cos (logx)+sin (logx)] +C 3 &

7. \2 "7 linx - goq,

% (x cos™Ix=\ 1""2) +C

nted ration by partial fraction

Since every polynomial with real coefficie
uct of real factors and real irredycipje nts can

vad
gson al algebraic fraction can thus be reslyeg lr?to P:ll:cl faclors
There are four cases depending op the natyr, al fractions,
e
Jenominator: OF the factors the

Use of partial fraction: There are so
me mtcomnd whi
ich can

TC&Seda
hence the

only be
X+]

.

. (D23 & _.

- To evaluate it let - i

evaluated by using partial fraction. For example |

x+1 _ A + B : C
—_— = — 4
(x-D(x-2)(x-3)  x-1 x-2 x-3
or, X+1= AR-D(-34+Br-) x-I+Ca-pegy |

—

L . 5
Case I: Distinct linear factors:

Example 1. - i

X
Evaluate f(x—3)(x ) dx

Solution:

X A B
(x=3)x+1) = (x=3) T (x+1)

Let
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or, x= A(x+1)+ B (x=3)
w,
,NO Putting x = -1, we get
-1=B-4
1
~B=7.
Again; Putting x = 3, we get
: 3= 4A
) 3
s A= 4
: (xS (3}
- Now. 1= f(x—B)(xH) dx‘f(z-m#{
? ) 4'x+2)d
il e Uy
i 3 1
=4 )x3 dx+4fx+l dx
; k A ; / _I_
=2 Iog(?(—3)+4 log (x+1) + ¢
Example 2.
y N~—""
i Evaluate: j_‘—H—Z——dx
X~ —13x+42
i Solution:
LetI= jE_’S'zz.dx ..................... ()
X~ —13x +42
Here. i x+2 x+2 =‘L+i
x2-13x+42  (x=6)(x-7) X~067"x-7
This gives, ‘ x+2= A(x-7)+B (x-6)
Put x=6,weget,'8= -lA=>A=-8
Putx=7,weget.9= B
Thus we get,
’ -8 9
I= + dx
I[X—G X - ]
L dx
= 9 _8
j.x 7 jx 6
= 9log (x-7) - 8 log (x-6) + ¢
= log (x-7)9 - log (x-6)8 +¢
R AN 4 ; \
| SRR \

Integral Calculyg -~ :

I= l'og {x=m? ,
[W e

ted linear factors:
ea

/x_-l_-_S__ dx
ate j(x.,, 1)(x+2)?

e R e
cl(x+1)(x+2)2 D) *02) (x+2)2

or.X+5= A(X+2) +B(x+])(x+2

Putting X = 2and x=-|, we get
A= 4,C=-3

Comparing co—efficient of xZ, we get

HC (x+[)

A+B~ 0
e.B= -A=-4.

X+5 dx
1= f——z dx= 4_1‘— -4
x+ 1D (x+2 X+1 -3 f
( ) f x+2 (x+2)2

4 log (x+1) -4 log (x+2) +ﬁ

X+
4 log ;5) +32 +C./

case 11I: Repeated quadratic factors:

ample 4.
g )

Integrate (x2+l)(x2+3) W.I.t.X

Solution:
2 Ax+B Cx+D

L )0243) © (24 a3
or,2= (Ax+B)(x-+3)+(Cx+D) (x2+1)
Comparing Coefficients of x3, x=, x and the constant terms, we get
- A+C = 0- (i) (Coefficients of )
B+D = 0 — (ii) (Coefficients of x?)
3A+C = 0 - (iii) (Coefficients of x)
+ And, 3B+D = 2 — (iv) (Coefficients of constant)
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From (i) and (iii) we get

C= 0and A=0
Also, From (ii) and (iv) we get
B= I,D=-1
2 1 1
2]y (x243)  x2+l x%43
2
50, i f (2+1)(x24+3)

dx dx
2+l ) x2+3

~ Case IV: Improper fraction
\. When the power of the variable in numerator jg e
than the power of variable in denominator:—

In this case, we first divide the numerator by depg

the power of numerator smaller than that of the denominator Th ra 0 p, oy
usual process. i €n fol)q owy
Exa
S s S
(x-2)(x— 3)
Solution: ’
Now, by actual division, we get.
x3 5, —19x-30
x2)(x-3) = ** +(x -2) (x-3)
So,
\L i f x3 _f{ 15, 19x30
= Jx2)(x-3) =) ¥ +(x—2) (x=3) dx. ok
" 19x-30
= fx dx+5 fdx (x 2) (3)
~ 19x-30 %
= [xdxs5 fdx + TEITes)
. Now, Let, I, = f _19x-30
: e, I (x-2) (x-3) dx
i b NGZR)

3) &

dX:J‘(-zl\ 1
X H\m)

1 X
I= tan’! x—? tan—1 = +C
AT 4B ///’

qual [0 or

mmat

ve 30
o' %

L{,lv

Integral Calculys ‘ ‘
27

B

A o
=52 T (x-3)

ol X = 3, we get
Pu([lng B= 27
putting X = 2 WEEE!
: e
8 dX + J- dx 8 ]
-2 (x=3) T=108 (x-2) 427 1og .5
1= K Iy + 5% -8 10g (x-2)+27 log (x-3)4¢
Q
6.
Ef"”lple " cosX
X
bﬂ—{d I a +sin x)(2+sin X)
Solll

/

w first, putsinx =t
cosx dx = dt

Thenl= j— S & _ 1 17 -
(1+02+1) - I].H_Z;]d‘ by using

partial fractio
= log(l +t)-log2 +t)+¢

L+t 1+sin . '
= log—— +c=log ——X L i

ﬁ 2+sinx

EXERCISE 11 5 )

N X e 5x-3
L @E/H)ml) @ o)
(x=1)(x=2) . x+12
) Te3)(xr4)(x+) W e
h ~x+4 N __x_zj__
: ,(‘) (x+1)2 D) 2
x2 oomerdx
P &b SN Y

e the following functions w.r.t. x
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L (i) ——
3. () Jp3ex+2e %
__&2_*;8—- (iv) 2*
(i) 2_5x+6 X024y
_ 2k e x? sy
0 ek T
(ii x[6(logx)2\+ Tlogx+2] @ -1
___cosx o /7 Ix3
cOSX_ Fixy
y (sinx+2) (2 sin x+3) E‘y %xl
[-: ANSWERS

L
(i)
(iii)
(iv)

2. @

% log [(x-3)3 (x+ )] +C

3 log (x-3)+2 log (x+1)+C
10 log (x+3) - 30 log (x+4) +21 log (x+5) + C
19 log (x~7) — 18 log (x-6) + C

_3_
log (x+1) - &+1) +C

(ii);% tan"(%)_z—s tan~1(x) + C

(iii)
(iv)~
3. Q)
(ii)
(iii)
(iv)
4, (i)

(ii)

L ( X
o (i
2 B\ 2+l

a2 b2
X+ 55 log (x a)—a b log (x-b) + C

2 ;
1 +1
C
]og( 2+3) + v i
x + log (e* +1) — 2 log (1+2e*) + C
2 x-l 1
5 log3y —31) *€

x = 12 log (x-2) + 17 log (x-3) + C

—(L) lan‘l(—ZXH) C
\3 NEDA

I 2

I3 tan~! (x)+§ tan~! (%) +C
2logx+1 IR , (2 sinx+3)

log 3logx+2 +C (il sinx + 2

d )-) —= 5
(ntegral Calculus | ‘},L o (5

3
2_9)+7g log (¥ + ) +C

) jog
(iv) eX ) £t g +C
tog {gx - | =il .
) 4 108 «—5log (x+1)+C
X
(vi) g

ginx + 3cosx . _ 1 :
2 > log (3 sinx + 4 cosx) + 18

w that J 3sinx +4C0SX —Xx+
1 .sho o 25
/ ¢ e*(1+sinx)dx 2 Fan Ko \
1’Fco€x 2

Sln(x a)d
S dx

sin(x +0)
pa 'S

J :
y -1 secel) — si i .3

cosoL €08 (cosx secet) — sinc. log (sinx + sin x=sin*@) +¢

dx

that f-’—’"’"‘
V'S_how xVx* -1

X +ldx—itan -l
Showth"ilf S+l ) x‘/—

sin 2xdx 1

=2 sec! (D) +c

Show that | log (a sin’x + bcos’™) + ¢

V asin3x+bcos:x a-b
: —«f_l ta [ ]
% Show that j’\/l+smx . 8

sinxdx - X T
/— hat —2Jl—smx—ﬁ log tan (—+~J+
(/y Show thé IJ 1 +sinx 2 8)°°¢

(I+cosx) X
Show that [———— =log | tanx.tan= |+ ¢
/ sin X.cos X 2
dx ) l

10.  Show that j'

=1 a
n tanx [for>b.
ava>-b’ [\El—b2 ) \

d 1 b
1.  Show that j X — =—tan l[—talnx)ﬂ:
aZcos’x +b’sin’x ab a

logx X
[+logx

—b? cos’x

(12, Show that | ,
S (I+logx)~
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13, Showthat [Vsecx—1 dx=-2log {C031+Jm]
; 2=,
C

Scosx+6

” that [—————— dx =
14,  Show that | 2cosx+sinx+3, X+ log (2cogy Si
i Ing
dx B
that [———— :
15.  Showtha Isin x(3+2cosx) : :

1 1
=- —log (1 +cosx) + —log (1 — cosx 3
5 log o )+ : log(3+2cQ

: Sx)
p 1+ sin x)dx 1 i
16> Show that I-(g——)E— == log [tanX |, 1 =& ;
o sinx(l+cosx) 2 2) 4 see >tk
_ 2 g
- 2 ‘t
Definite Integral

In geometrical and other applications of
necessary to find the difference in the value of the jn
between two values of an independent variable x, say a and }:““Q“Onf(x)

in the values is called the definite integral of f(x), OVer the ipy edifftre
b : €rva] [a‘ b]:cc
U

is denoted by ff(x) dx .

a

b
Thus ff(x) dx = F(b) — F(a), where F(x) is an integra] of ftx)
) .

Integy.
al Ca

C
tegral of 5 g, 1% i,

. . b
The difference F(b)-F(a) is also denoted by [F(x)]a .

Here, the values a and b are called the lower limit 3
respectively. As,

b .
ff(x) dx = [F(x)+c]§
a

nd upper iy

= [{Fd) +c}-{F@) +c}] = Fb) - Faa),
Thus, the arbitrary constant doesn't appear and the integral is called definite
The rule of evaluating a definite integral: .
~(i)_—Find the indefinite integral.
w{ii)—"Calculate its value when x = b
{ii)—  Calculate its value when X

i =a.
\(1_y,)/f' Subtract the value in (iii) from the value in (ii).

Note:
gromP fe 3

~

Solutio™

Then,

OR

olve this proble

To S

4 [ﬁ =ﬁgi-%=(64—4)
3dx =| 4

(= I
2

/60'

[+X

0
1

[tan™ x- 1
0

=2 tan~!(1)~1-2 tan~1(0)+0

_ 24— 1 =ﬂ:/2"l

m we may putx = tan®.

2
dx
- dx
B .[ (xr D\ x2-1

1

Put x = SCCG 3
dx = sex6 tand dg

=2,0=2
When X = 1,6=0andx=2, ==

n 1
- (3 do
L f(isl+cos()
n |l -0 B 1 0_.__1
_ Sl 22 =1t —_— = ————- =
= _[61'2560 2de {an2]0 V3 3

1 i
Put x+1 = T,Thendx:'{?_— dt

1

' 1
Whenx= Lt=T5 =741 =

N|—
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a
, when f(2a-x) = f(x)
SR o 2 iR
Whenx= 2.t=734 142 3 0 , when f(2a—x) = -f(x)
1 =0
I8 , 1 Iy ; a
-1j2.dt (b / » s ff( x)dx , when f(a+x) = f(x)
~ 1= 2 N fodx =
)\ (_l._ l) -1 (l‘() “lz f 0
¥ ; l/2 1. 0
l/2
l/z ; 1 le I ¢
3 /
o [azge)’ o
ol v = Il W CEE N S
1, & sinx+N €0
( N2 2 0 '
= l—2x—) —(1-2><—) =
3 2 : _
\[3 i qol,moﬂ m/,
" Properties of definite integral sinx A e 0]
P b b 1= sinx+1Jcosx
L—  [fxdx = ffod 0 |
a a : Ty
i.e. Definite integral is independent of the variable chosep. A ’sin “/Z—X)
b a ' 1= dx  (Using prop. 4)
__— ff(x)dx = —ff(x)dx Of - ’sin("lz—x) V\Fos “/2—)()
a ' b 0
b . c b ; ) .
3/ Sfodx = ffxdx + ff(x)dx (1éesh I
a a c B P S (ii)
a a or, I = +Jcosx +4sinx
4. JTxdx = [fa-x)dx. 0
A" 0 Adding (i) and (ii), we get
a a . v T
2 n
i ff(x)dx =3 ff(x)dx , when f(x) is even function_ @@) 2
= e = dx= |dx.
—a 9 A J(\]sinx+\]cosx f
=0  when f(x) is odd function, o ' L
Note: A function f(x) is said to be an odd function if f(-x) = -f(x),
for a‘ll v?]ues of x. Also a function g (x) is said to be an even - Ty
function if g(~x) = g(x) for all x. or, 21 = [x]
0
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or.2l= Ty
I= 7!/4.
E.We 2,
ﬂ/z
! a2 |
Show that flog sinfdf = [logcosBd= —log —
0 2 72
/ 0
Solution:
Tl v
Letl= flogsingde ............... 16)
0 .
/A .
or, 1= flog [sin(7-9)] )0
4 0
7{/2
~I= flo_g cos0.d0 ............... (i1)
0
Adding (i) and (ii), we get
2 2
A= I logsin 6d0+ j log cos .40
0 0 '
7[/2 7!/2
= f(log sinB+log cosB) = f]og (sinB.cosB) d
0 0
K
/2 7[/2
iy 2 sinf.cos0 .
= Jlog=—%—— do= f[log (sin28)-log 2] df
0 0
1[/2 1|:,2
= Jlog (sin26) .d6-log 2 S do
0 0

2 '
(j) log(sin 20)dg - log 2[6]:,'/2

ﬁ[,z

Solution:

Also,

*{When x — 0,

When x — oo,
S“l

1= 5 .log2=

I= ]log(x+l) dx,
0 X J1+x”

Putx = tan6, Then

v Integral Calculus

235
,
{ f log (sin20)d0 ="/ log 2. ...... (i)
217 )
0
= t, we ge[
Pu[[iﬂg dt
o= 2-
=0
g= 0t
when -
hen 6= T t=1
. l"I -y
. : = —|logsintat
Fogsin2048= 7 [1ogsi
0
ﬂ/z
: log sint.dt =T, so-from (i
=7 x2f og sint.dt =T, so-from (i)
0

n
- 21=1-7 log2.

log

I
N |-

Thusweget,
= ml ucosGdB—Elo l
fiogsind @@ = Jlogcos0dd=7log 5

g0
mmple‘l T

e 1) dx
flog| x+—

x)1+x>

dx

=feanl
4p = Se¢ 0

ie,dx = sec20do

650
9—-)"/2
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I= flog(1n6+ )sccze
( — dG
2 a0/ |4 a2y
m,
ﬁog( ) - f
de = f
tan@ 'Og(\
0 Sing coSe) de
7!/2
= JTiogl-log (sin Bcos6)] dg
0
7[/2

= 0-{1 i
{ (0-{ 0g(sin6)+log (cose)}) de

W2 /2
— ({ logsin 6.d6 + b[logcosG.dGJ

oo 1
- 2Iog /2+"/2|og5]

%, n
= —1rlo"i fl b= |
o N B
‘ i J g sin flogcose =) log 4
I= n]og2
Example4
Evaluate: I iz dx
1 4x—x2
Solution:
: 4
. Letl= [—X*2 dx"dxx”dx
1y4x - x? Y4-(x-2)?
4 x-2+4
[ 5 dx
14— (x-2)>
¢ (x-2)d K
1= (oD g dx
Wa-(-2? 1 am
PU[ Xx-2=t dx=dt
S

4

Lo qhem
[=
 prample -
Somﬁon.'
Letl
Put, X=
When, x=1,
Then,
;
Example 6.
a
Evaluate: |
0
* i

{ntegral Calculus

1
A
\
|-—
N
§ o
ol
L)
+
§ 59
@,
=2
9|
=)
-I_ ~

n
l 1
N
oS
1
<
9
. |
IS
<f
El
|~
—_
Iy W~

:45;,,—'(1) +~/3’4(_%)]
{2n+ J3+% n]

I

Evaluate: | 2x - x? dx
1

= I 2x—x'dx=f 1= (x =D dx
| 1

1=t dx—d[ |

1.t=0 andx=2,t=1

1
[= } [—t> dt ={[ — +lsm_lt] -
0 2 2

0

1}
w
-
:l
~
—
~

Scanned with CamScanner



" \DD‘(' 5 X tanx
: SECX+COsX

238

Solution:
X a 4
We have, I= | r\x =
0yal_yx2
Pu.  x=asing dx =3¢ 0
"= 4C0s 0 g
Whgm X=0,0=0and X=a, imp]; [
\l (‘.S =
i . E . 2
Then, I= 2a'sin‘g '
a cos =
l{acosede o 47”’5 ¢
in‘g
- .4 "fl 2 0 3
= a $in~ 0 (1- cog2
: N~ 0 (1-cog 08)dg
= /
4 3= 2si
=t sm'G-( SinBcosp)2
[larto-(2aases o
=t ulF sin26) | i
a*|L(g_sin20) 2
‘ [2( 2 ) E(B‘MHT%HM
/) /// ’ = adl:_l. lt. ! T[] 4[“ I 0
), bl BN O G
5 2.2 8 2 4 IGJ
I= 3_"a4
16
L EXERCISE 11.6 »
Show That : B |
s
| nlz - ~ Tl
J/f sind do / ‘d,L
. y # i =4 2' Leylans _E
sinB+cosd ~ 4 Htan "4 l
0 4 )
# o 0 '
a ‘ "f nuz 2
‘o dx L :
a x » jcotxdx T )
gj%fxﬂjgz{z 4 y l4fcotx 4 :
4 0
A Y/

0

dX=n—2 /\/ de _.a_ ,<._‘ !
4 N a2

1+ sin x.cos x

Integray Calculu;
W 0)d0 =7 log2 " :
(1+tan0) d0 =3 log b [
. f Jog o j$ 1
0 ; 5% T 4
h 7 ] d TE
x dX =" = :
/f Gaxrcost 22 log (v/2+1)
a0 ]
7 dx=g log2. 7“7’
i %:- siﬂ X—COS X
/S o 1§ T simeosy =0

Jog (tanx) dx =0

—
A\ned
D =
\,

s 5900
+ sin2x (log tanx) dx = 0 44"
o e
Q\/ o Secx+cosx T
2 xsinxcosxdx m* 7
: \Ll& _[ 4 . 4 =
; o cossx+sin“x 16
Z V1D
] fcot A (1—x+x2)dx=E-log2. - 20
; 0 2
MISCELLANEOUS EXERCISES ]
12f
| AR cos2x—cos2adx 9, sk
I\ COS X —COS QL £Jl+cosx )
) 7 1 !
L (et re )R : N g 24cosk i
/ T et
3 a+x ;i 11. —_
| de - _ {,M
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‘x+1
X1 12. ]T—dx
4. Ix‘-x2+1dx X (,;_1)
2 13. d
L X2
- x*+1
6 _cosx__4 14 [xtan?xdx
Y Icosx+sinx is
: 2
7. flog(Jx’H)dx Jx+D)e’ dx
8. ftan™ (Jx+ Ddx 16. [cosJ;dx
B ANSWERS s
1. 2(sinx+xcoso) + C
-1
. —C N
2 e T ,
3. +Jx(x+a) +alog( xa+fx) +C
2_4[3x+1
4. _l_ log xzi—) +C
23 x*443x+1
‘ 2 2_\ax+1
1 fx"-1 1 od X X l+c
5. —=tan = e J2
2 W2 ) 42 \x?+d2x+1
6. %[x +log(sin x +cos x)]+ C
7. xlogw/x2+1—x+tan"x‘+C
(x+2) tan~! 4fx+1 —yfx+1)+C
T
9. 242 log (142 +C 10. 3
m 1 L
11. 2 12. = +2log(l—x) +C
' 2
=2 2 . X
13. x_2 +3 +log (ﬁ) +C 14, xtanx -7 + log (cosx)fC
15, (x2+1)eX+C 167 24fx sinfx +2cosyx +C

Infinite (or improper) Integrals

Introduction:

.In definite integral, we supposed that the range of integration s finitt | .
and the integrand is continuous in the range. If in an integral either the range

Integra) Caleyy,
L]

or the i"tcg".md }'ms AN infinite 4
(.n'“,’ said 10 be infinite integra inc

uy

Ominuhy :

Ny .o area, volumes ; PO e e
U tote- ; " bety g
(’::1 as)’“‘([j‘ ) lmprape[r [lntegn;l havin limiy f “Qnam“ ccirrav(:
Pl i nt types of i —k
Jing 3¢ different tYPes Of improper iy, g i
10 T i ¥ The
fo! j e
The integral of type | f(x) dx, Which can ;
i Y " gy, i &
) 45, P10 vided f(x) is Integrable i, (a,b) e b‘)uaj’ f(x)
b 18 limig exigy,
The integral of type jf(x) dx, which
I|) ) —o dCﬁncd by
lim jf(x) dx, provided f(x) ;
» P X 1
i3 ) IS integrap iN (2, b ang e .
" and this Jigpyq
exists-
.nlegral of type I f(x)d S I
i) The 1 | 2 (dx, can pe Wiilten a5 If(x)dx +

J’ £ (x) dx; which can be expressed i tpe type (i) and

a

(ii).
(B) Improper integral, where integrand infinitely discontinuous at
point. .

i)

If f(x) is infinitely discontinuous only a he end
b

f(X) = oo, then If(x) dx is defined 25 ™
h=
a

providéd h > 0 and f(x) be integrable in
(a + h, b) and this limit exists. -

i) If f(x) is infinitely discontinuous only at the end point b. That is
b

| 100 = e, then If(x) dx is defined as

point a. Tha} is,
lim b
0 jf(x)dx.

a+h

X—a

lim
X —
b-h

& j ( ) ’ >y, pl(’vl(le{l f(x) be lnngI'ﬂble l‘n
a

. (a, b — h) and this limit exists.

;_-d
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- ii) If f(x)"is mﬁmtcly dlswmmuom only at an interna| POlm

hey
Jf(x)d\( = _[ f(x)dx + I f(x) dx el e N
C+h' Uand
h‘ -0 mdependently.
iv) If a and b are both, points of infinite discontinuity, then If(
4 X .
a )dx Is
defined as jf(x) dx + If(x) dx, when these two | integrals
Xls(
a C
defined above; wherea<c < b.
Examples:
I Evaluate the improper integral Je_" dx
0
Solution:
Let the integral
T lim F
1S Ic_x = e dx
b—eo
1]
h
_lim [e7* lim Lol
Foblyen |Telofin biayes S ) F
i
Since i e’= 0
by e

oo

Thus we get, J‘e_-x dx= 1
0

oo

Evaluate the integral Isin tx dx, if it exists.

0
Solution:

The given integral can be written as

sintx dx

Se—3

h does not exists,
Whic Thus the Biven iy, e
A0S P integral goeg
gvaluate the improper integra| I dx

) if it exiges,

We have, the integrang f(x) = ==, which
X3 N does not exigys
_o. So f(x) is infinitely discontinuoyg atx=Q,

X O
_lim g , B i
a5 o I—3dx+ I ?dx
-1 O+h

im Gm [V (g
= — 4=
a2 h 0|\ k%), O

h
| lim lim L__l._}u
T 2a-eho0 W2 2

2
65l
;?'h_z'
1 lim lim

= —— 0

2 a—)wh—)o
=0

,__—
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co

Thus, we get I -—% dx =0.
X
. 1
4. Evaluate the improper integral jlogx dx.

0
Solution:

1
In the integral Ilogx dx, the integrangd f(x) = lo

0

not exists at X = 0. So x = 0 is infinite discontinuous,
1 . 1
: im
Here, 1 = jlo xdx.=
B b0 J torxax
0 0+h
lim 1 lim
= xlogx-x), =
h——)O(' & ) h-.)()(h‘hlogh\l)
= .
= - hlogh)+1| = logh
[h—o "M } [h-m?“]
h
. 1 : .
. lim —E—+1 it lim -t
h—o[ =L h—o ™M+l
= ~«(0+1)=-1
1
Thus we get, Ilog xdx =—]
0
5. Show that J. e * x"dx = n!, where n being a positive integer,
: 0 ’ ’
" Solution:
T lim y
LetI, = J-eé'x x"dx = J.e_xx“ dx
b— e
0 ’ 0
lim p

bt [-e7*x" ]8 + njc‘xx“-]dx

A

iaceeds

LD
2
.. 'l
Doy
. Hery
) 0
= n! Ie‘xdx
0
T b
Here, J.C % dx = hm '[ ~x
0 b‘)&) & dx
0
lim '
= <y \b
b*)eo (5e x)o
lim |
b (l\e:b) !
= | ,
Thus, we get, Ie—x X" dx = !
0
—ax . ) b
6. Show that Ie sin bx dx:ﬁfOrno
0 a"+h* -

Solution:
Here, the improper integra| jc““ sinbx dx can be writep a5

0
lim

h
I= Ie’“ sin bx dx
how :

lim | ¢

h—e

)

b
(-asin bx—bmsl»()J7
a“+b”
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. 1 Jdim Zax
a2 +b2 h = eo l:e (asin bx 4+ chsb
I lim [ . ¥
. e .
R AT (aSInbh+b°°Sbh

|

)<
1 h]
= -————(0-b
a2 +b? )

. lim
[Since 3
h—eo

— 0, for a> 0 and sinbh anq Cosbh
e by,
Ny

functions]
b

a2 +b?

Thus we get, je_“x sinbxdx= —02

9 a?+p?’
7. Evaluate the integral J‘sm bx dx
o X
Solution:
oo . _ax .
‘ LetI= I——e Sim by dx, fora>Q
' X
0

Differentiate both sides with respect to b

dl T e ™ x cos bx
S _[—— dx

db X

0
= Ie"“ cos bx dx
0

dI

W
— = ———fora>0
db a2 +b?
a
or, di= db
a? +b?
Integrating both sides,- :
I= a.ltan"lE +c
a a

L

s

47
Integral Calculus 2 sl

I= tan (EJ +c
a

Where c is an integrating constant.
We have, from given integral, whenb=0,1=
ues in equation (1),

0. Substituting these
- 0= tan'(0)+c
c= 0

Thus we get,

b
I= tan" (—)
a

T e ™ sinbx (b

e sinbx ot 2

of, " a
0

Taking limita— 0 on both sides,

ors

lim e *sinbx dx = lim tan™! (_b_)
a—0 X a—0 a
0
] ]" sinbx o~ T or _T forb> 0 or <0 respectively.
or, X - 2 2
0
Thus we get,
. I for b>0
sin bx
I dx =
. -= for b<0

EXERCISE 11.7 |

Evaluate the following improper integral if it exists.

oo oo

dx . x dx
2 |
£l+x2 \/-0x2+4
3\/r(ax 4. jxe‘xz dx
x2—l
2 , 0

a4
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e J‘ x4dx
—00 +l

X
. J‘ x dx
1. ¢ (1+x2)?
n
0. »J‘smx’dx
0 COs™ x
a
12. j R
0. %
2;
4. | LI
o (1=%)7

16. Ie—ax cosbx dx foras . :

0

14.

n .
2 oY
y 2l
ot
0
L
8

Does not exists

Does not exists

2.

10.

12 -

15.

ANSWERS

Does not exists

& 5.
2

1 8.

Does not exists

an

it 13.
2

=l 16.

Q - 1n=‘§xneu dx

N

az+b2
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= gration by Successive reduction

In this chapter, the integrations are solved by successive reduction of
inte grand which mostly depends on the repeated apphcauon of i mtegratlon
- the parts: Most of the integrand of the types x” ¢**, tan"x, (x* + a%)™?, sin™x,

by P « etc. These integrals are denoted by I, or J Reducing these integral
OS 0seé suffixes are lower than that of the original integral until the last

wgfﬂl can be easily evaluatcd
Example 1.
Find the reduction formula for I x"e®* dx

Solution.'

n_ax ax
= L3 - jnxn-l_e dx Y UQZ'LE,/,
a a 1 13\,
n_ax
X e n n—leax dx
a a
x"e™ n
= -—1In
a a .

Which is the required reduction formula for

Example 2.
/2
Find reduction formula for ‘[sin“ x dx and j sin® x dx and then

0

/2

evaluate j.sin5 x dx and I sin®x dx
0
Solution:
Let I,= jsin“ x dx

]‘sin“_1 x sinx dx

sin“"x(—_cosx) —(n=-1) jsm xcosx.(~cosx) dx
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. | ARy R 3
- —cosxsinm x+(n— l)"‘smn 2 a2 3
o * 1 4[ ——-3 111]=§—J|
= —cosxsin"'x+(n-1) Jsin“‘z XU 2 = 3 3 15
In
i X)d n/2
hES! . n-1 al X 2
5 = —cosx sin™ x+ (n—1)(|sin""2 o I inx dx = (—cosx)
|1 [ y Xdx~ sinn y ; where I1 = sin ( 0
i I,= —cosxsin" "+("'1)I"-2‘(ﬂ—l)[ . dy 0
or, (1+n—Dh= —cosx sin™'x+ (n— DI, . ; - (COSE_Coso] =1
cosxsin" Tx n-1 2
i L= - n + r:1 =In _ .
, H Tllus' we geé
Ly This is the required reduction formula for I, = J' Sinh n2 8
T " xdx, I sin°x dx = 15
/2 : o
Again, let J, = I sin"x dx A
g ) 0 g Example 3. i
| ) ‘ n d J. tan” x dx
it I'x cosx i n-1 Find reduction formula for I tan dex an(
3l + —TJ,,
i n
A
‘ Solution:
n= n-2 Let I,= jtann x dx
For Isin xdx= Is Itan x tan’x dx
-2 2
I sin“xcosx+5—1I = Itan“ x (sec’x — 1)dx
I = - 3 K
f > ° ‘ = jtan"'2 x sec’x dx — Itan“_2 x dx
| ) _ _£4xcosx+i _sinzxcosx+2 "
| - 5 5 3 1 L= tan" " x L,
’ e . n-1 -
! Where I, = Isin x dx = —cosX This is the reduction formula for I, = Itan" x dx
! Thus we get, ”
J.sins - 5 sin4 X COS X 4 Siilk ek + 8 ( : Again let I.= '[ tan™ x dx
= —,—— e — X i s
5 s =COSX) +¢ : N
. 4 . 4
sin” xcosx 4 . ' n-1 /
= S ECOSX 2 Sintxcosx— — com+e = | == - J.n *an"2 x dx
> 5 - n-1 0
T2 _ ; 0
Agdinfor | sin?xdx= Js= 5-1 ] N
: ‘ 5= - 3 I 1,
0 2 ~ ' n-1
: e —
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na
This is the required reduction formula for J, = j tan® X dx
0
Note: Putting different values of n, we can get the valye o
Megry
Example 4. .
Find the formula for Isec“ x dx and then evay,
I .“ See?
. qd
Solution: i X
Letl, = Isec“ x dx

= Isec“"" xsec® x dx

= sec”x tanx — (n-2) j( sec™x secx tap :

: e tanxgy

= sec™2x tanx — (n—2) jsec“‘z X(tan2 o

= sec™x tanx — (n—2) (Isec“ xdx — Isec"‘l

) Xdx)
I,= sec xtanx—(n-2) I, +(n-1,,
o, (1+n=-2);= sec™2x tanx + (n - 2)I,._,
sec® 2 xtanx  n-2
e . In = + In—?,
n-1 n-1

This is the required reduction formula for Iscc“ X dx.

Note: If the integrals cosec"x, sech"x, cosech"x then
above we can get the reduction formulas for these integrals.

secd xtanx 5

+ =1
65

roceed;
p edlng kY

Again for jscc7 xdx=I;=

sec> xtanx 5 sec’ xtanx 3
4 4

6 6
Where I, = jsecx dx
v = log(secx + tanx)
- Thus we get, :
5
7 _ sec’xtanx S 1
Isec xdx= = G +§ sec’x tanx+2—ilog(secx+tanx)+c

253
Integral Calculus

s /2
lﬂl” :
2 m y sinnx dx.
my si dx & | cos X
. i la forjcos X sinnx
Find reduction formu )
fion:
sl m 4 sinnx dx
Let Ima= |COS™ X sinn
cos nxX m-1 inx) cosnx | 4
— g (=sinx) | —
= cos‘“x( )—jmcos x( =
cos™ xcosnx | T J. cos™ ! x (sinx cosnx)dx .- )
SR PSSl
3 n n
e have, . .
sin(n— 1)x = sinnx cOsX — cosnx sinx
of,  COSNX sinx = sinnx cosX — sin(n — 1)x
From equation (1),
m -
: _ jSos Xoonld = J.cosm'l x [sinnx cosx —
Ina= - n n
sin(n — 1)x]dx
" m (.
.= — cos xcosmX | T jsmnx coexidx
ofs m,n n "
m . o
+— Icosm 'x sin(n— )x dx
n
m
cos' X COS nx m m
& Im,n S e Imn + _Im-l.n—l
. n n
m cos™xcosnx  m
or, f+== Im,n = ——— —-m —— Im—l,n—l
L n - .
L. = cos™ xcosnx  m
mn= T + — Iy
m+n n

This is the required reduction formula for

Ipn= Icosm x sinnx dx

/2
Again for the reduction formula for J cos™ x sinnx dx
0

y
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5 . !

n/2 i
tJon = I cos™ x sinnx dx Z4 the reduction formula for J'cosm x sinnx dx and then evaluate
Let Jmn =
0 w2 ; L052 x sin3x dx.
m x cos NX m
o Show that c055 X sin3x dx = l
3
1 m J
Jm.n iy __._——+—“-l-:‘;' m-1,n-1
m+n m m-1 2
This is the required reduction formula for J;, . Show thal cos'" X sinjfx dx = > n:ﬂ [Z_ 2 2 l T 12_ 5y
! m m-
EXERCISE 11.8 | o 7 :
: n ; n/2
\/ Find 2 reduction formula for - Icos X dx ang then o 0. Find the reduction formula for I, , = I cos™ x sinnx dx.
: i ‘ all k
e
jcos7 x dx. ) o i
/2 w = Ismh x dx, then show that nl, = sinh™ " x coshx — (n = 1)l
T
. n :
2 Find reduction formula for - I cos” xdx and then vl (2. Show that the reduction formula for the integral I, = I(xz +a2)“ dxis
- 0 e

5 ; R x(x% +a2)" . 2na? L,
j cos7xdx- ; L 3 2n+1 2n+l
! .

o a ANSWERS ]
n
3 Find the reduction formula for j cot”x dx and then eviliy

cos" 'sinx  n=1
L=<

: S + I,>and
J-cot7 x dx. : : 6 : ;
cos sinx+ oS gines 4 2. 48 |
= =+— inx + —— cos” —
4, Find the reduction formula for J'cossec" x dx and thep evalug ! 7 35 105 i R
n-1 16
I cossec x dx. 8 I,= lipand ;= —
KA o | » ' cot”™! x
i/ Ifl, = I tan™ x dx, then show that I = _l — I and then find (e ) L=~ ol I.>and
: 0 6 4 2
t . -
valueof Is. : b =_c06 =+ CO[4 - cmz > +log(sinx) -~
6./ Find the reduction formula for J. cos™ x cosnx dx and then show that a2
;\/ ‘ ; L= cotxcosec. "X n-2
z2 : e - n-1 * n—ll"-2
I cos™ x cosnx dx = —— 3 :
o0+l ' cosec’xcotx 3 3
0 and [ = —T—g cosecx cotx + —log tan— 3 +C
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., l
il | e
Lo log2 =
5. 2 4 -
X COSm Xsin nx +-—-L—-‘ Im-l.n-l
6. Imu = m+n m+1n
m.
cos XCOSTR 4 —— To-t.o
7. Ina=~" m+n m+n
cos? xcos3X 2c0sXCOS2X  2Cosx
and 3=~ 5 15 15
Lo= 1 +__..nl-— Im-l.n-l
10. mfT m4n M +n

ma Functions

Beta and gamma functions plays important role for , licay;
. ' s i
calculus. In this chapter we give their definitiong, im;?:sof

es and related problems..

Beta and Gam

integral

propert

Definition: y

. -1 -1 .

The integral of the form J‘Xm (1-x)""dx, forms 0, s Oty

5 4 » g

gral or beta function and denoted by B(m, p),

1

That is, f(m, ) = J-xr.n_l (- x)n_l dx, form>0,n>0.

0

to be first Eulerian inte

oo

Also the integral of the form Ic_x x" 1 dx, for n > 0, is saig tobe
: 0 _
second Eulerian integral or gamma function and denoted by [n.

Thatis, In = Ie”‘ x" 1 dx, forn>0
0

Note: In both cases m and n are positive but they need ot b
integers. ‘

Properties:
L. B(m, n) = f(n, m)

proof:

we knows
Theny

2 T
'Proof:

-Integral Calculus 257

1 k
B(m, n) = jxm"(l -x)" T dx . |
0

Put 1 —x= t, differentiating

—dx= dt =dx=-dt
when x= 0,t=1
whenx = [,t=0

0
B(m, n) = j(l—t)‘““‘ %7t (~dt)
1

1 .
« jt“" a-p™!dt
0

B(m. n) = B(nv m)

=1
We have [n = Ie""x“-ldx
O..
Putn= 1,
o . b
i = je'xdx= i .ie—x dx
b—oeo
0 0
b
E lim e X _ lim |
b—oeo | -1 0' boe| -l
lim
= 1)
: lim
= (Since. T e*=0]
oo

Thus we get, =1

S SR
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3 : m:nl—;
Pmof: ) T,
—x_n-l
We have [ = J-c x"hdx
y 0
by lim b
then n+1 = J'C-X,\“ dx = b——)oo.[e_xxnd
0

[
- lim (-b" e’b)+nIx"—le"‘ dx
b0
0
0+n If:."‘x“‘l dx
'3,\ 0
: ]n 1= nE
Note:
i) We have, i
In_+l = n[;
=n(n-1) [n-1
=n(n-1) (n—2)|n—2
=nn-1)(n=2)..3.2.111
: =n(n-1)(n-2)..3.2. 1
s h+l= n!
ii)

Writing kx for x in [n , then we g,ctJ‘c_kxx"_1 dx =

[n

4.

K
0
(fork>0,n>0)
B(m, n)=s EI};

m+n
Proof:

. 1
We have, B(m, n) = J'

Integral Calculus

] [(,_x)n-. _]

m
n-1

I
m 0 _
Agai" integrafing,

n-1n-2
T m

m+

—
O ey

(- x)n—3xm+| dxA
proceeding in this way, we get

(n-1) n-2 (n-3)..2.1
B(m. ) = m+1(m+2)...(m+n-2)
1
j(l-x)“gﬂ LMH0-2 gy
0 P
1
(m-1! xm+n—l
= m(m +1)...(m+n-2) m+n-=1 5
E (n—1!
m(m+1)...(m+n-2)(m+n-1)

(n-11123..(m-1)

1.2.3...(m-1) m(m+1)..(m+n-1)
(m-D!(m-1)!  [olm

(m+n-0!  [m+n
Thus we get, [S(m, n)= [nfm
[m+n
m-1
5. B(m, n) = X

x™ (1= x)" dx
0

o8

o n-1
T dx=j X
(1+x)™™" 0
Proof:

1+ x)™" &

We have, B(m, n) =

1
jxm“(l—x)““ dx
0

L
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Then, we geb
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_ ____l__ :3dx=—_—dy._

0, y— and whenx =1,y =

m-1 1 n-1
CRGZ RS
1+y S Ary (L4+y)2

When X =

0
B(m, n) = I
hod n-1
y
= J- m+l l n-1 dy
o ™ (A+Y)
2 ]f yn-—l dy
) (l+ y)m+n
T x"ldx
n= |— = B(n, m)
B(m ) ,(l;(l+x)m+n
T x™ldx
= i 04(1+x)n+.m
ToxMlax T oxmly
Thus, we get, B(m, n) = I—:——: X
us g B I : (l+x)"+m }[m
6. [mll-m = — forO<m< L.
sin m7
Proof:

mll-m

Here, [mll-m = =fB(m, | —m)
1 |m+l—m
Xm—l

xm—l
1 (1+x)
b AR e N
T [Smcej dx =
sinmm (1+x) sin n7

0

Integral Calculus : 261

o n
wcx.le"m i ls sinmn

: .rhll.“

Not¢? l - —
: Putmz—,thenwegetl:|1____. s
2 21 2 sing

-

Lo =

[mln
i I:IIZ = 7 can be derived by using this formula — B(m, n)

1
by putting m = E— =n.

n/2 ‘m+]‘g+l
2 2

/8 I sin™ xcos" x dx =
0 iyl

proof:

(]

n/
Here, j sin™ x cos" x dx
0

/2
= I (sin® x)™2(1-sin2 x)™ 2 dx
0
Put sin’x = t, differentiating,
2sinx cosx dx = dt
dt
2Jtd1-t

Whenx= 0,t=0

dx =

X= ,t=1, then

A

i
£

¥
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n.i‘zsinm xcos" x dx =
0
Thus we get,
/2
I sin™ xcos" x dx =
0
Note:
i) When n =0, we get
n/2
j. sin™ x dx =
0

Engineering Mathematicg . |

1
Jtmlz(l_t)nlz dt

e gy
’ 2t
1
il j A3 a-oi g
2 .
0
1 l mil
- jt T -y g
2
0
IB m+l n+l
2 )
2 |m+l , n+l )
Imz +.2 2"’”‘3&
_mT_l n+l
2 1 2
2|m+n+2
2
m+l

ii) When m =0, we get

n/2
a < &

Icos xdx =

0

R
,l"l i
I\C;xz dx= -E
‘ 2
0
Proof:
For I e dx
0 .
Putx’= ¢ differentiating, 2x dx =dt

. Integral Calculus

dx= — =

Whenx= 0,t=0
When, x = oo, t oo, then

e je" e de
2
0
_ g_p _i=
21202
Thus we get, Ie’xz dx = ﬂ
2
0
Examples
' 5[z
1.  Evaluate (i) I5 '(ﬁ)Yl (iit) EL
2 la
Solution:
@ Wehave, [n = (n= 1), then

5= (5-1)0=41=432.1
© (i) Wehave In+1 = nln, then

=24
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BRI II

531[1
%Hi%z[:_un 15

I 1 > i _Is
ik - 3! 64x3 64
(iif) Here: [y :
n/2
3 gcos*8d0
‘ Evaluate Ism 0cos
Hige ) °
Solution: —
o ngdo Eﬂ 2
..m =
We have I sin™ B¢cos 2| +2+
o ——
4
2 b
in3@cos?0d0= \
Here, I sin” 6¢co . +;72
0 \
2@ 22373 4 B
/2 4
.3 4 o
Thus we get, J- sin> 6¢cos eq 5
L 0
| ‘ l . 3/2
: 3/2
3 Using gamma function evaluate J.x 1-x)"“dx
. | O |
Solution:
1
Here, jx3’.2(1—x)3’2dx g
; ‘;k
Putx = sin’0 /}
dx = 2sinB cosb dB y

whenx= 0,6=0
x= 1,0= E,thcn
2

1 ) 1

[x*2a-0*"2dx= J'<sin2 0)*'2(1-sin? 0)>/2 . 25inf cosd db

0 0

- Integral Calculus 265

n/2
= 2 I sin’ Bcos® 0sind cos dO
0
n/2
2 I sin® Bcos* 0.d0
0
M  ne s =2F3f‘f‘
9| 4+4+2 7|10

i function, evaluate Isin(’icossidx
4. Using gamma function, evaluate > >
0

Solution:
The given integral is
K X
1= Isinﬁ X cost Zdx
2 2
0
Put -g— =0 = x =20, differentiating,

dx= 2d6
whenx= 0,0=0

X = n,B:E.then
2
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N Y Integral Calculus 267
R

= oAt =1l ' m,n+! e
- T Jerss2 S show hat i ) _ Bm+Ln) _ B(m,n)
g o m m+n
17 3 )
3333331 ool
B i Bm,n+1)  [mln+1
5x3xTxSx3nxn 5 n nlm+n+l
T 128XTX6X5X4X3X2X] WMQS\n } lmnln ) s
n/6 3 : nm+n)im+n  (m+n)im+n
s 2
5. Evaluate J-cos'l 3Bsin~ 60d6 e 1
= = B(m, n)
- . m+n [m+n m+n
Solution: ' g B(m+Ln) _ B(m,n)
/6 similarly we get, — S
_ i
Here, given integral j cos” 30sin” 60.d0 2 /2
0 7. Evaluate j I de
Put, 36 = X, differentiating, > Jsinx
3d6= dx Solution:
whenf= 0,x=0 Here, given integral
T b ' : ™2 m2
whenf= —,x= —,then _ x | Jsinx dx
6 2. o '!; Jsinx -([
n/2 9 e .
4.2 dx ) 2 ) 2
2 -[ e = 3 = j (Siﬂx)"”2 dx x I (sinx)"/2 dx
0 . 0 0
/2 o ,l -
= i I cos4“x(25in xcosx)2 dx : 5+lr1 >+l 1 ‘1‘3
30 B N P I P W i
=1 1 4 13|s
n/2 . 2\2+2 22+2 E4
= o cos® xsin® x dx 2 2
3

N o —

1{j-1 -1

- EE_‘ 4 _n r

3 4. ll-1

_ alib B Rh-
n/2 /2

< d -
2 %%%E%%E _Sm. Thus we get, I ‘x X I Jsinx dx=m

T3 2xa! 192 o YA %
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BB g e e W e e

E—’éxencuse 11.9

a

iv) sz(al - xz):”2 dx
0
24

v) j'xglz,f(Za—x) dx
0 .
1

vi) Ixﬁ 1-x2 dx
0
a,

vii) j _xldx
0

' 1
viii) I—dx
0

|, Evaluate followings:
| 9|5
plo i) ‘E i) [_;.E-
i) 9\ i 3 5
n/2 .
2 wERnall) I sin® xcos® x dx i) I sin® Xcosd
‘ : 0 dx
3. Bvaluae following integrals using beta and gammg functig,
Y s:
b6
x dx L |
i) I [ 2 [Hint: Put x = gjp X
0 |-x~
2a Y
ii) - I XSM dx [Hint: Put x = 2‘;.Sin29] |
) v
a
i) jx4\/;,7_—x‘2 dx [Hint: Put x = a iq g
0 asing)

\

[Hint: Put x = a sip )

[Hint: Put x = 2% sin’g)

[Hint: Put x = sin 6]

[Hint: Put x = a sin 0]

[Hint: Put x* =y / x* =sin 0

T

Integral Calculus 269

Evaluate following integrals by using beta and gamma functions:

n/8
) j cos® 4x dx (Hint: Put 4x = 1]
0
n/4
ii) J sin x cos? x dx [Hint: First transform to 2x form
! v
and then put 2x =t]
n/6
i) J' cos? 60sin? 30.d0 (Hint: Put 30 = ]
0
/4
iv) J (1—2sin2 9)3/2 cos6 dO [Hint: Put J2 sin0 =sinx]
0

5. Evaluate PE
414

6. Show that f(n, m)B(m + n, [) = B(m, DB(m + [, n) = B(l, n) B(! + n, m).

7. Show that 2“2“ “[1.3.5 . 2n—3) 20— 1] £f

2 SO that j L+ x)P (1= x)% dx = 2P lptlig+l forp>-1,q>-1.
- v |p+q+2 s
[Hint: Put 1 + x =2y] d
a .
9. Show that I(x -a)™(b-x)? dx = (b — a)™™! lmll‘n_i-l for

' x m>-1,
. [m+n+2
n>-1. [Hint x—a=(b-a)y]

10.  Show that je"‘z x* dx = LY -m for A>-1.
3 21 2
[Hint: Put x* = yl
11.  Show that Ie"“ x2 dx x je_"f dx= [Hint: Put x*=y)
C 842

0
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EERRERE -
Showmatg';;; 9lofol9 16

Hint: Combin¢ first and last factor, second and lag; but on
[Hint:

n C e
[I-m= , forO<ms €.
[m l‘ M= Sinmn lj]

' ANSWERS

L. 945
§1=40320 i ,'3'2‘\/;‘_.

270

12:

q
apply the formula B

iii 7
15 knd) ) =L
: 10yq,
- S5
) = M %006
2 i) 35
' 33
5n i —m i) Ml
3 i) 2 16 3\2
4 3
oom v S vi) . Sn
w5 R Y%
4 T s
3na st T
vii) __1_6_. viii) 3
3n-4 R o
1‘ e ces 7n
W B T g
3n
iv) N

.5. 11\/—2-

Definite integral as a Limit of asum

Let f(x) be a function continuous in the interval [a,b] where s 4

Let the interval [a, b] be divided into n equal parts each having length b, then

nh=b-a.
We define
S= ::20 h{f(a)+f(a+h)+f(a+2h)+......... ... +f{a+(n=1)h}]
im., n; f(a+ rh
= h—0 (a+ rh)
=0

as the definite integral of f(x) with respect to x between the limits a and b
provided the limit exists.

T

Integral Calculus 271
The above expression is written in short as. [Pf(x)dx.
b li n-1
s | f(x)dx = o h Z f(a+rh), wherenh=b-a
That 15, { h—0 ) ! ;

OR
: 1
lim b—an— r
= s rfo f [a+(b—a);]

Since each term of the series’ hZ f(a+rh) tends to zero, we may add or
omit the terms hf(a) and hf(a+nh). So one may write

i n
ff(x) dx = hi)no h Z f(a+rh)
r=1
a -
OR
Se hn; £ (@+rh) ...... (i)
h—0 =0

Geometrically

Let us consider a function y = f(x) continuous and non negative in
the interval [a,b]. Let AB represents the curve of y = f(x) in [a, b].

Y
T g Y=f®
A
O axl X2 xn;);X

| Now,

We divide the interval [a,b] into n equal parts such that
a=xgand b=x,, where,b—a=nh

The ordinates at

XX [ X5 «--s X, are f(a), f(a+h), f(a+2h), ..., fla+(n-1)h)

Completing the rectangles as shown in the figure, the areas of the

inner rectangles are
hf(a), hf(a+h), hf(a+2h) ...... , hffa+(n—1)h]
Sum of the areas of inner rectangles

= hf(a) + hf(a+h) + hf(a+2h)+...+ hffa+(n—1)h] —i)

=Tl
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Again, the heights of the outer rectangles are the o :

{

ordmates at xp X2oeeeet s Xp i .

The sum of the areas of outer rectangles

= hf(a+h)+hf(a+2h)+ ......... +hf(a+nh)

But the area Axgx,,B lies between the two areas (i) apg (;(ii)

n-1 y

Engineering Mathematics - |

% B<h Z f
jeh Z f(a+rh)<area AxgxpB < LA (atrh)

In the limit when n—e> h = 0 and we have defined

It n-1.
h—0 f f(a+rh)
It n-1
X f(at+rh)
or,
h—0 o

b
f f(x) dx = Area Axq x,B

a

which is the area bounded by the curve y f(x), the W o
: the

‘ordinates x =12 'and x=b.

Example 1.
1

Evaluate f x2dx from the definition. (or ab-initig) oot
: !

0
summation method)
Solution:
Here, f(x) = x2 ‘
~ f(atrh) = (a+rh)2

Also, a= Oandb=1.
~nh= b-a=1-0=1
- fatrth) = f(a+rh) = (a+rh)2 =r?h? A

Now, from definition

i It n '

24x = 212

fxdx—h_)ohz r*h
0 r=1

Integral Calculus

n-1
h 2 2
r=1

It
h—0

It
h—0 3124224324402

It ;3 Mo+ D@0+ 1)
h—0 6

It nh(nh+h)(2nh+h)
= h-0 6

It 1(1+h)(2x1+h)
~ h—0 6

_ It (+h)eh) L
- h-0 6 T3

I\

Example 2.

Xdx as the limit of a sum.

Here, f(x) = e™*
- f(a+rh)= e™m (a+rh)

Also,a= a&b=b,sonh=b-a

b n
0 h Z f(atrh)

h Z em (atrh)

h—0 2y

n
h X  emi gmrh
r=1

273
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+...+sin(a+ (n-1)h)]

‘to 1.

a

MRS

~ Integral Calculus 275
lim 2 sin-@_}'—sin(a-i—-("—‘;h)
h—-0 [ hJ
sin—
2
lim h . (b-a). nh-—h)
sin sinl a+
h—0 sink 2 2
sin (___—a) sin [a-‘- b—a—O) lim :
2 2 h—0 sin-ll
2
ke b-a). (b+a lim %
MM T2 h—0 sink
2sin b=a sin (a;b) = cosa — cosb
cosa — cosb
cos (a+rh)

cosa +cos(a+h)+...+cos[a+(n—1)h]

sin % cos[(a + (HT:l)h]

. h
sin—
2

b
/Auate [x™dx, for m # -1, is any rational number (positive or
g a

Let us divide the interval [a, b] in finite set of points a, ar, ar’, ..., ar" (=b).

274
ma llo [‘mh +elmh +eimh +,,.+c“mh]
s h—( B
; n
g mhz il
o ma It h cm < l}
= ¢ 10 emh _]
1t It _mh A =
= Ml o0 emh (enmh_j) h—s0 gmh _ Xon
It em(b'a)—l} e gl
mh mh .
=™, g€ { . where h=s0 CWI =1 =
emb-ma_| .
= eMe m i
1 emb-ma+ma_emaj
m [ —
R 3
- - [cmb ema)
m 3 b
Thus we get, [sinxdx =
a
Example 3. Note:
b n-l1
Show that: [sinx dx = cosa — cosb, by ab-initio. The value of Eo
2 :
Solution:
We have
b lim n-l )
ffoyde= b X fla+rh) ..o (1)
a r=0
He;é. : Example 4.
f(x) = sinx
f(a+rh)= sin(a+rh)
Then, il 4 : N
. _ négafive, by using as initio method.
b lim ol 7/
. [sinxdx = i 5, h ¥ sin(a +rh) Solution:
a r=0
"M lsina + sin(a + 1) + 5 |
= sina + sin(a + h) + sin(a + 2h)
h—0 Where, ar“=b:>r“=—b-':>r=

1
b\r ;
(—) . When n tends to infinity, r tends
a :
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.276 Engin g

[f(a) (ar — ) + f(ar) (ar’ —ar) +

b
Then, Ix‘“dx
a .

f(arz) (:1r3 - arz) + ... Up to n — terms]

fim (a(r-1)f(a)+ar(r-1)f(ar) +
n—eo ]

lim

n-—)o.o a(r—1) @™+ (am + "'+““term)

= lim a(r-1a"(l Pty pme))
n—o° )

lim [ m+1 2
a™ (r=1) [ 1+ 0™ 4™
(—91 ( ( )_ +...

lim i ('l_m+1)n -1
= m+! -1
a r——)l(r )( l_m+1__1 ¥
: lim r—1 +1
- m+l Utk rn -
G l'—*)l(rmﬂ—l) I:( )m 1:

- am-l-l E i -1 lim r-1 I
a ro 1 Ml

= (bm+l_am+l) lim 1
r=>1| m+)r"

By using L'Hopital theoren,

i bm+l __am+1
3 m+l
We get,
b poH g mil
|
a m+1
Note: T

1 b
grate any power of x (except—), we first evaluate [x™dx and
X
a

- . ‘ b :
then substitute the given value of m. For example, for I\[; dx ; first evaluate

'J b % bm+l _am+l ’
[x"dx = ————— and then
a m+1

Integral Calculus 277

[ogh, B b L
Put, m= E,thcn [x™dx = [x2dx
a

a

Nl

L 1 i
H_ I g,
R A

b2 -a
1+l 2

Exarﬂl’le 5.

bdx . .

Evaluate: | —, by using definition.

a X ‘

Solution: "

Let us divide the internal [a. b] in to n-subintervals, by finite set of
1

b }n . .
points a,ar, ar?, ... ar" (=b). where r = (;—J , which tends to unity, when n

tends to infinity.
Then the integral

t]zldx = i (f (a) (ar —a) + f(ar) (arz—ar)+f(ar2)
a X n— oo
(ar3—ar2)+...+nterm_s)
pi-lm (—l-a(r—l)+-l—-ar(r—l)+—l—,ar1(r-—l)+...)
n—ece\a ar ar~
lim
= g_}m[(r-1)+(l‘4’l)+(r—l)+...]
lim
= n(r=1) ..... (i)
n—e -
We have, logr = Llog(E), . logb/a
n a logr
From equation (i),
b li
[—ax= logb/a (. _1) [0/0 form] ..
a X r—1 logr T
lim logb/a
= —=—— =logb.
vt

b
[—dx = logb-loga. .
a

= | —

\
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Fvaluate the following integrals by the methad of mnnr;\\\ :

definition) A

o 2 / >
O @

10.

]
J\ o @
0

1

rd fcosx dx /8/

0

b dx

b 4 ¢ ”h[ :

¢ N dx T '
" 3« ‘I (XZ_X) (Jx
a
I
f (ax+b) dx 6 b
JO ‘ ' feos x dx
0 ) a
?sm x dx 9 ¢ dx
0 / IT

a X
b b
. 4

[ x dx iz—/> J sin’ g,
a 0

7)

9)
11)

13)

ANSWERS Q
: !

e d ¢

-2
o

6)  sinb-sina

'8) |

100 2o -+a)

) E_L
8 4
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